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Abstract. An algebraic Riccati equation for linear operators is studied, which
arises in systems theory. For the case that all involved operators are un-
bounded, the existence of infinitely many selfadjoint solutions is shown. The
proof uses invariant graph subspaces of the associated Hamiltonian operator
matrix, Riesz bases with parentheses of generalised eigenvectors and indefinite
inner products. Under additional assumptions, the existence and a represen-
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equations of differential operators.
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1 Introduction

We consider the algebraic Riccati equation
A" X+ XA+ XBX-C=0 (1)

for linear operators on a Hilbert space H where B and C are selfadjoint and
nonnegative. In particular, we study the case of unbounded B and C. Riccati
equations of type (1) are a key tool in systems theory, see e.g. [9, 20] and the
references therein. Unbounded B and C appear e.g. in [23, 28, 35].

It is well known that the solutions X of (1) are in one-to-one correspondence
with graph subspaces that are invariant under the operator matrix

A B
-6 %)

the so-called Hamiltonian. This correspondence was extensively studied in the
finite-dimensional setting and led to a complete description of all solutions of the
Riccati equation, see e.g. [20, 24, 27]. In the infinite-dimensional setting with B, C
bounded, the invariant subspace approach was used by Kuiper and Zwart [19] for
Riesz-spectral T and by Langer, Ran and van de Rotten [21] for dichotomous T'
(see also [7]).
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We extend these results to the case where B and C' are unbounded: For Hamil-
tonians with a Riesz basis with parentheses of generalised eigenvectors we show
the existence of infinitely many selfadjoint solutions of (1). Here the concept of
a Riesz basis with parentheses of generalised eigenvectors includes Riesz-spectral
operators, and it also allows for operators that are not dichotomous.

In systems theory, solutions of (1) that are bounded and nonnegative are of
particular importance. For the case that T has a Riesz basis of generalised eigen-
vectors and B and C' are uniformly positive, we prove the existence of infinitely
many bounded selfadjoint solutions X, among them a nonnegative one X, and a
nonpositive one X_. Moreover we obtain the relations

X_<X<X, and X=X_P+X_(I-P), (2)

where P is an appropriate projection.

Bounded nonnegative solutions of (1) were obtained in [19, 21] without the
assumption of uniform positivity of B, C. However, in [21] the spectrum o(A) of A
was restricted to a sector in the open left half-plane while here o(A) may also con-
tain points in the right half-plane. In [19] conditions for the existence of solutions
were formulated in terms of the eigenvectors of 7" while we impose conditions on
the operators A, B, C only. In the system theoretic setting, the relations (2) were
derived in [8, 26], yet under the explicit assumption of the existence of X_.

The connection of invariant graph subspaces of block operator matrices to solu-
tions of a corresponding Riccati equation is not limited to Hamiltonian matrices. It
was exploited in [22, 29] for certain dichotomous operator matrices and in [17] for
selfadjoint ones. We also mention that, in systems theory, nonnegative solutions
of (1) are constructed by minimising a quadratic functional, see e.g. [9].

The structure of this article is as follows: In Sections 2 and 3 we study linear
operators T' on a Hilbert space which possess a Riesz basis consisting of finite-
dimensional spectral subspaces Vj, of T. We call such a Riesz basis finitely spectral
for T'. Up to certain technical details, it is equivalent to a Riesz basis with paren-
theses of generalised eigenvectors, see Proposition 3.3. A finitely spectral Riesz
basis of subspaces yields the non-trivial T-invariant subspaces

Z Uy, U C Vi T-invariant,
keN

which we call compatible with the Riesz basis, see Definition 2.3 and Lemma 3.10.
In particular, for every subset of the point spectrum there is an associated invariant
compatible subspace.

In Theorem 3.9 we use perturbation theory from [37] to obtain a general exis-
tence result for finitely spectral Riesz bases of subspaces and apply it to Hamilto-
nian operators in Theorem 4.6; Theorem 4.7 even yields a Riesz basis of eigenvec-
tors and finitely many generalised eigenvectors. On the other hand, there is a huge
literature on Riesz bases of eigenvectors (with or without parentheses) for various
types of operators, e.g. [15, 38, 39]; all these provide examples for finitely spectral
Riesz bases of subspaces.

In Section 4 we study Hamiltonian operator matrices. We use ideas from [21]
and consider the indefinite inner products

(zly) = (Nizly)  and  [z]y] = (Jazly)



on H x H associated with the fundamental symmetries

0 —il 0 I
J1<u o)’ J2<1 0)'

The Hamiltonian T is J;-skew-symmetric and Ja-accretive, i.e.
(Tx|ly) = —(x|Ty) and Re[Tx|z] >0, z,y<€ D).

This implies the symmetry of the spectrum of T" with respect to the imaginary axis
and also yields a characterisation of its purely imaginary eigenvalues.

In Section 5 we consider subsets o of the point spectrum of T' that are skew-
conjugate, i.e., o contains exactly one eigenvalue from each skew-conjugate pair of
eigenvalues. With ¢ we then associate an invariant compatible subspace U that is
hypermaximal Ji-neutral. This means that U = U where U is the orthog-
onal complement of U with respect to the J; inner product. The subspaces UL
corresponding to the spectrum in the right and left half-plane are Jy-nonnegative
and -nonpositive, respectively: we have [z|z] > 0 for z € U and [z|z] < 0 for
zeU_.

Section 6 is devoted to the existence of solutions of the Riccati equation (1). In
Theorem 6.3 we establish a density condition in terms of A and B which implies
that every hypermaximal J;-neutral invariant compatible subspace is the graph of
a selfadjoint solution. If T" has infinitely many skew-conjugate pairs of eigenvalues,
for example if 7" has no purely imaginary eigenvalues, then there are infinitely
many possible skew-conjugate subsets ¢ and we obtain infinitely many solutions.
The solutions Xy corresponding to Uy are nonnegative and nonpositive. Since all
these solutions are unbounded in general, the Riccati equation in fact takes the
slightly different form

X(Au+ BXu) =Cu— A*Xu, u€DA)NX'DA%).

For the convenience of the reader, Theorem 6.7 contains a combination of the main
results of Theorems 4.6 and 6.3; the density condition can then be expressed in
terms of eigenspaces of A and the kernel of B.

Bounded solutions of (1) are the topic of Section 7. Theorem 7.6 shows that
a bounded linear operator is a solution of (1) on D(A) if and only if its graph
is an invariant compatible subspace. In Example 8.3 we construct a bounded
solution such that (1) holds only on a proper subspace of D(A) and whose graph is
invariant but not compatible. Finally we consider Hamiltonians with a Riesz basis
of Jordan chains and uniformly positive B and C. Then Theorem 7.9 yields that
the solutions corresponding to hypermaximal J;-neutral compatible subspaces are
in fact bounded and boundedly invertible, and that the relations (2) hold.

2 Riesz bases of subspaces

We study the concept of a Riesz basis of subspaces and define the notion of a
compatible subspace with respect to such a basis. We also recall the closely related
concepts of a Riesz basis (of vectors) and a Riesz basis with parentheses; see [13,
Chapter VI], [30, §15], [33, §1] and [36, §2] for more details about Riesz bases.



Let V be a separable Hilbert space. We denote the subspace generated by a
system (V\)xea of subspaces V) C V by

ZV)\Z{QC)\1+"'+.T,\W|.T,\j GV,\j,)\jEA,TlE]N}.
AEA

The system is said to be complete if 3, ., VA C V' is dense.

Definition 2.1 Let V be a separable Hilbert space.

(i) A sequence (vx)ken in V is called a Riesz basis of V' if there is an isomorphism
® : V — V such that (Pvg)ren is an orthonormal basis of V.

(if) A sequence of closed subspaces (Vi )ren of V is called a Riesz basis of sub-
spaces of V' if there is an isomorphism ® : V' — V such that (®(V;))ken is a
complete system of pairwise orthogonal subspaces.

(iii) The sequence (vi)gen in V is called a Riesz basis with parentheses of V if
there exists a Riesz basis of subspaces (Vi )ren of V and a subsequence (ng)y
of N with ng = 0 such that (vy,,...,vn,,,—1) is a basis of V4.

The sequence (v )reN is a Riesz basis if and only if span{v;} C V is dense and
there are constants m, M > 0 such that

n n
3 el <[ e
k=0 k=0

The sequence of closed subspaces (Vi )ren is a Riesz basis of subspaces of V' if and
only if (V})ren is complete and there exists a constant ¢ > 1 such that

2 n
§M2|ak|2, o € C,neN. (3)
k=0

n n 2 n
Yl < H szH <Y llael® 2 €VioneN. (4)
k=0 k=0 k=0

If (vg)ken is a Riesz basis of V, then every « € V' has a unique representation
T = ZZ’;O agvg, ai € C, and the convergence of the series is unconditional. For a
Riesz basis with parentheses we have the unique representation

oo [/Mr+1—1
xZ( Z ozjvj>, aj € C,

k=0 j=ng

where the series over k converges unconditionally. These expansions are special
cases of the situation for a Riesz basis of subspaces:

Proposition 2.2 A Riesz basis of subspaces (Vi )gen has the following properties:
(i) There are projections P, € L(V') onto Vi, satisfying P;P, = 0 for j # k and

a constant ¢ > 1 such that

¢! Z | Prz||® < [|z]|* < CZ | Prz||®>  for all x€V. (5)
k=0 k=0



(ii) If z € Vi with Y oo |zk||? < oo, then the series Y oo o T converges uncon-
ditionally.

(iii) Every x € V has a unique expansion x = Y,z with x € Vi, and we
have z, = Prx.

Proof. The proof is immediate since all assertions hold (with ¢ = 1) if the Vj, are
pairwise orthogonal, and they continue to hold (with some ¢ > 1 now) if we apply
the isomorphism ® from Definition 2.1. O

For a Riesz basis of subspaces (V};)ren, the unique expansion from (iii) yields
a decomposition of the space V into the subspaces Vj, which we denote by

V=@ v (6)
keN

Here, the superscript 2 indicates that, due to (5), the original norm on V' is equiv-
alent to the (>-type norm (3, oy | Pez?)"/2.

Definition 2.3 Let (Vi)ren be a Riesz basis of subspaces of V. We say that a
subspace U C V' is compatible with (Vi)ken if

U= Z Ui with closed subspaces Uy, C V.
keN

Evidently, (Uk)ken is then a Riesz basis of subspaces of U. We thus have the
decomposition
2
U= U
keN

As a special case, for every J C N we obtain the compatible subspace G}ie 7 Vi !

Remark 2.4 Tt is easy to see that, with P as above, U is compatible with (V})
if and only if P,(U) C U; in this case U = @; Py (U).

Definition 2.5 If U and W are two subspaces of V satisfying U N W = {0}, we
say that their sum is algebraically direct, denoted by U + W. We say that the sum

is topologically direct and write U & W if moreover the associated projection from
U + W onto U is bounded.

As a consequence of the closed graph theorem, if UNW = {0} and U, W and
U + W are closed, then in fact U @ W is topologically direct.

Proposition 2.6 Let (Vi)ren be a Riesz basis of subspaces of V.
(i) If Vi, = U ® Wy, for all k, then the sum
2 ) 2
@ Ui + @ W, CcV
kEN kEN

1s algebraically direct and dense.

INote here that Definition 2.1 implicitly covers the case of systems with arbitrary index set
J C N since Vj, = {0} is possible.



(i) For J C IN we have the topologically direct sum
2 2
V=P Vie P W
keJ keEN\J
The associated projection onto the first summand is given by
P_]:Z:Ck'—)Z:L'k, rr € Vi. (7)
kEN keJ
It satisfies || Py|| < ¢ where ¢ is the constant from (5).
Proof. (i): Let U = @; U, W = @; Wy, and € UNW. We expand = in
the Riesz bases (Uy) of U and (W) of W: o = >, ux = Y, wi with uy, € Uy,
wy, € Wy. As these are also expansions of x in the Riesz basis (Vi), we obtain
ur = wg and thus up = 0 and £ = 0. The sum U + W is dense in V since it

contains ), - Vi
(ii): From (5) we have the estimate

2
| ] < e X tanl? < e 3 i < e
keJ keJ keN

This shows that Py defined by (7) satisfies | Ps|| < ¢. Obviously

R(Py) = @2 Vi, kerPj = @2 Vi,

keJ KEN\J

2
> o

keN

and V = R(P;) @ ker Py is topologically direct. O

3 Finitely spectral Riesz bases of subspaces

In this section we investigate operators with a Riesz basis of finite-dimensional
invariant subspaces. We obtain many non-trivial compatible subspaces that are
invariant under the operator. In particular, for every subset of the point spectrum
there is an associated invariant compatible subspace.

We recall some concepts for a linear operator 7" on a Banach space V, see also
[2, 16]. A point z € C is called a point of reqular type if T — z is injective and the
inverse (T —z)~! (defined on R(T — z)) is bounded. The set of all points of regular
type is denoted by r(T'); it is open and satisfies o(T") C r(T') and o, (T)Nr(T) = 2.

A subspace W C V is called a core for the linear operator T if for every
x € D(T) there is a sequence (x,) in W such that =, - x and Tz, — Tz.

Finally we denote by £()) the space of generalised eigenvectors or root subspace
of T corresponding to the eigenvalue A € 0,(T), i.e.

L) = | ker(T — M.
keN
For A & 0,(T) we set L(X) = {0}. A sequence z1,...,z, € L(A) is called a Jordan
chain if (T — N)ag = xk—1 for k > 2 and (T — ANz, =0.

Definition 3.1 Let T be a closed operator on a separable Hilbert space V. We
say that a Riesz basis of subspaces (Vi )ren of V' is finitely spectral for T if



(i) each V4 is finite-dimensional, T-invariant and satisfies Vj, C D(T),
(ii) the sets o(T|y, ) are pairwise disjoint, and
(iii) > pen Vi is a core for T'.

It is immediate from the definition, that T has infinitely many eigenvalues (for
dim V' = o0). In some situations, the conditions on the closedness and the core are
automatically fulfilled:

Proposition 3.2 Let T be a linear operator on V, (Vi)ken a Riesz basis of finite-
dimensional, T-invariant subspaces of V., Vi, C D(T) for all k, and o(T|v,) pair-
wise disjoint. Then:

(i) To = T|x, v, is closable and (Vi)ren is finitely spectral for To.
(ii) If (T) # @, then T is closable and (Vi)ren is finitely spectral for T.

Proof. Let Py be the projections onto the Vi corresponding to the Riesz basis.
Then for v € Zk Vi we have P,Tou = T'|y, Pru for all k since u is a finite sum of
elements from the T-invariant subspaces Vj.

(i): Let , € D(Tp) = >, Vi with 2, — 0 and Tpz,, — y. Since the restriction
Ty, is bounded, we have

Pyy = lim P/Toyx, = lim Ty, Prxy =Ty, Py lim x, =0
n— o0 n— o0 n— oo

for every K € IN and hence y = 0; Ty is closable. The other assertion is now
immediate.

(ii): In view of (i) it suffices to show T C Ty: for T is closable then, and from
Ty C T we conclude Ty = T. Let x € D(T) and z € r(T). Using the Riesz basis
(Vk), we have the expansion (T — z)z = Y 7 yx with yx € Vi. Since T — z is
injective and Vj is finite-dimensional and T-invariant, T'— z maps Vj, onto V. We
can thus set oy, = (T' — 2z) " lyx € Vi and obtain = = > heo k by the boundedness
of (T — z)~1. Consequently

D(TO)BZJU;C—),QC and (To—z)Zxk:Zyk—)(T—z)x
k=0 k=0 k=0
as n — 0o, i.e., x € D(Tp) and Toz = Tx. O

The notion of a finitely spectral Riesz basis of subspaces contains many other
types of bases related to eigenvectors and the spectrum as special cases:

Proposition 3.3 Let T be a closed operator on V with r(T) # & and dim L(\) <
oo for all X € 0,(T). Then for the assertions

(i) T has a finitely spectral Riesz basis of subspaces,
(i1) the root subspaces L(N), A € op(T), of T form a Riesz basis of V,
(i) T has a Riesz basis of Jordan chains,

we have (iii) = (it) = (i). Moreover



(i) & T has a Riesz basis with parentheses of Jordan chains, and for each \ €
op(T) there is a parenthesis that contains all Jordan chains from the basts
which correspond to \;

(ii) < T has a Riesz basis with parentheses of Jordan chains, and for each \ €
op(T) there is a parenthesis that contains all Jordan chains from the ba-
sis which correspond to A, but no Jordan chains corresponding to other
eigenvalues.

Proof. In view of Proposition 3.2(ii), the implication (ii)=-(i) is trivial. For (iii)=-(ii)
consider for each eigenvalue A\ € 0,(T") the subspace V) generated by all Jordan
chains from the basis which correspond to A\. Then (V)) xeo,(T) 18 @ Riesz basis
of subspaces and V\ = L(A). The equivalent characterisations of (i) and (ii) are
immediate from the definitions. 0

Remark 3.4 Example 3.7 shows that the implications (i4i) = (i¢) = (4) are strict,
even for the case that T has compact resolvent. If T" has compact resolvent, then
(ii) holds if and only if T is a spectral operator in the sense of Dunford, see [12, 36].

A closed operator T is called Riesz-spectral [9, 19] if all its eigenvalues are
simple, T has a Riesz basis of eigenvectors, and o,(T’) is totally disconnected. So
if T is Riesz-spectral then (iii) holds.

Proposition 3.5 Let T be a closed operator with a finitely spectral Riesz basis of
subspaces (Vi )kew. Then

D(T) = {CU = Z wg | Tk € Vi, Z | Tz < oo}, (8)
keN keN
Tzr = Z Tz, for == Z zx € D(T), x), € V. (9)
keN keN

The operator T is bounded if and only if the restrictions Ty, are uniformly bounded
and in this case (with ¢ from (5))

IT|| < ¢ sup | T|v |-
keN
Proof. (i): In order to derive (8) and (9), let first y € D(T). Since >, Vi is a core

for T', there is a sequence (y,) in >, Vi with y, =y, Ty, — Ty. As in the proof
of Proposition 3.2, we obtain

P.Ty = lim P,Ty, = lim T|v, Pyyn = T|v, Px lim y, = T Pyy.
n—00 n—00 n—00
Hence 37, TPyl = 32, [|1PkTy)1* < | Ty||* < oo and
v=Shve{r=Yn
k k
Ty = ZPkTy = ZTPky.
k k

If on the other hand z =, x), with z € Vi, >, | Txx]|* < oo, then

D(T) > ixk — 2 and Tixk = iTxk — ika.
k=0 k=0 k=0 k=0

xi € Vi, Z | Tx||* < oo} with
k



Hence x € D(T) since T is closed.
(ii): Let L = supy || T|v, || < co. Then for . = 3", x € D(T):

IT2? = | 3 Tlvaxl[* < e D IThael? < eL - awl)” < L2
k k k

thus T is bounded with norm < ¢ L. O

For the case that the Vj are pairwise orthogonal and possibly infinite-dimen-
sional, the spectrum of an operator defined by (8), (9) was calculated by Davies
[10, Theorem 8.1.12]. We obtain:

Corollary 3.6 Let T be a closed operator with a finitely spectral Riesz basis of
subspaces (Vi )ken. Then

op(T) = | o(Thn), (10)

keN
Vi= Y LW, (11)
Aea(Tv,,)
oT) = r(T) = {= € C\oy(1)| sup (Tl =)' <00} (12)

Moreover, for z € o(T),

(T — 2)~! compact < klim I(T|v, —2)"Y = 0.
—00

Proof. The inclusions “D>” in (10) and “C” in (11) are trivial. For the other ones
let A € 0p(T) and v =3 x5 € L(A) \ {0}, z; € Vj. Then (T’ — \)"z = 0 for some
n € N. Now (9) implies

0=(T=N'z=>Y (T|y, - N
JjEN

and hence (T'|y; — A\)"z; = 0 for all j. Since xp # 0 for some k, we obtain
A€ o(Tly,). As the o(T|y,) are disjoint, we have X\ ¢ o(T'|y;) and hence z; = 0
for j # k. Therefore x € V.

To show (12), first note that if z € r(T), then for every k € N, (T'|y, —z) ! exists
and is a restriction of (T — 2z)~!. Thus supy, ||[(T|v, — 2) 7| < (T — 2)7!| < oo.
Furthermore, if z € C \ 0,(T) with supy, ||(T|v, — 2)7}|| < oo, then

S Z xp Z(T|Vk —z)

keN keN

defines a bounded operator S : V' — V satisfying (T' — z)Sz = « for all z € V.
Consequently z € o(T) with (T —2)~1 = S.

Now suppose that ||(T]y, — 2)7!| — 0 as k — oco. Then the sequence of
finite-rank operators Y _(T|v, — 2) ' Pk, n € N, converges in norm to (17" — z)~*
since

H Z(T|Vk - z)flPkH <csup|[(T|y, —2)7'| =0 as n— oco.
kon k>n



Hence (T'—z) ™! is compact. On the other hand, let ||(T'|y, —2)7!|| 4 0. Then there
exists a strictly increasing sequence of indices (k;) and x; € Vi, yy = (T — 2) " lay,
such that ||z;]| = 1 and inf; ||y;|| > 0. From y; € V}, it follows that every converging
subsequence of (y;) must converge to zero. So (y;) has no converging subsequence
and (T — z)~! is not compact. O

The following example illustrates the differences between the three Riesz basis
properties from Proposition 3.3 for the case of a compact resolvent.

Example 3.7 Let (e;)r>1 be an orthonormal basis of a separable Hilbert space V
and Vi, = span{eak_1, eax }. Using Proposition 3.2, we can define a closed operator
T on V such that (Vj)r>1 is finitely spectral for T' and

ik 1
T|Vk = ( k ’Lk2) s

with respect to the basis (eag—1,ear) of V. The eigenvalues and corresponding
normalised eigenvectors of T'|y, are

)\% = ik2 + \/E, ’U]:Ct = €2k—1 + \/Eegk).

1
V1+k (
A direct computation yields limy_oo [|(T'|v, — 2) 7| = 0 for 2 € 0,(T) and hence

T has compact resolvent.
Consider now the sequences (rx)r>1, (x;:)k21 and (x; )k>1 given by

2 1+ k
T = ﬁGQk, Z'g = k ’U]::.

Then zj, = zz + x, with zf € (Dv,f, the sequence (zj) converges to zero, while
the sequences (mf) do not. Consequently, the algebraically direct sum (see Propo-

sition 2.6)
@ Co + @ Cuy,

k>1 k>1

is not topologically direct, and the system of root subspaces E(/\f) = (Dv,iE of T is
not a Riesz basis.
Altering the above definition, we can also consider the operator 77 with

~ (ik* 0
Tilw. = ( k z‘kQ)'

Then T3 still has a compact resolvent. The root subspace of T} are now L(ik?) = Vj
and form a Riesz basis of subspaces of V', but T} has no Riesz basis of Jordan chains.

Definition 3.8 Let G and S be linear operators on a Banach space. Then S is
called p-subordinate to G with 0 < p < 1 if D(G) C D(S) and there exists ¢ € R
such that

|Sz|| < cl|lz||*"P||Gz||P for x € D(G).

10



If S is p-subordinate to G with p < 1, then S is relatively bounded to G with
G-bound 0, see e.g. [18, §1.7.1] or [36, §3.2]. Recall that S is relatively bounded to
G if D(G) C D(S) and there are constants a, b such that ||Sz| < al|z|| + b||Gzx|| for
all € D(G). The infimum of all such b is called the G-bound of S.

We use the notation

NG = >  dimL())

A€op (G),|A|<r

for the sum of the algebraic multiplicities of the eigenvalues of G with || < r.

Theorem 3.9 Let G be a normal operator with compact resolvent whose eigenval-
ues lie on finitely many rays from the origin. Let S be p-subordinate to G with
0<p<1l. If

lim inf
r—00 r

N(r,G)

3

then T = G + S has a compact resolvent and a finitely spectral Riesz basis of
subspaces (Vi )ken -

Proof. See Theorems 4.5 and 6.1 in [37]. In particular, note that the Vj, were
constructed as the ranges of Riesz projections associated with disjoint parts of
o(T), and hence the sets o(T'|y, ) are disjoint. O

Now we study invariant subspaces with respect to a finitely spectral Riesz basis
of subspaces.

Lemma 3.10 Let T be a closed operator with a finitely spectral Riesz basis of sub-
spaces (Vi )ken. For a compatible subspace U = @ieN Uk, Ux C Vi, the following
assertions are equivalent:

(i) U is T-invariant;

(i) all Uy are T-invariant.
For z € o(T), (i) and (i) are equivalent to
(iii) U is (T — z)~ -invariant.

Proof. The first claim is immediate from (9). For z € o(T) note that dim Uy < oo
and Uy C D(T) imply that Uy, is T-invariant if and only if Uy, is (T —z) ™ *-invariant.
Moreover (V}) is also finitely spectral for (T — z)~1. O

Corollary 3.11 Let T be closed with a finitely spectral Riesz basis of subspaces
(Vk)ken. The subspace U is T-invariant and compatible with (Vi) if and only if

U= > Wi (13)

ey (T)
with T -invariant subspaces Wy C L(X). In this case U = G}i Uy, with

Us= > Wi and Wa=UrNLQ), A€o(T|y). (14)
AEo(Tlv,)

11



In particular, for every o C op(T') there is the T-invariant compatible subspace

Us=> L) (15)

A€o

assoctated with o.

Proof. Let U = @i Uy with Uy C Vi T-invariant. Since dim Vi, < oo, an argument
from linear algebra implies that (14) holds, which in turn implies (13). On the
other hand, if U is given by (13), and we define Uy by the first identity in (14),
then Uy is T-invariant, Uy C Vi, and we obtain U = @; Uy. O

In the following, we will occasionally consider the subspaces U+ associated with
the point spectrum in the open right and left half-plane, respectively, i.e.

Ur= Y L) where o(T)={)€0,(T)|Re\Z0}.
Aeot (T)

Corollary 3.12 If T is closed with a finitely spectral Riesz basis of subspaces and
op(T)NiR = @, then Uy + U_ C V algebraically direct and dense.

Proof. This follows from Proposition 2.6 since Uy = @i Vki where Vki are the
spectral subspaces of T'|y, corresponding to the right and left half-plane. O

Remark 3.13 The concept of a finitely spectral Riesz basis of subspaces allows
for operators that have a strip around the imaginary axis in the resolvent set, but
are not dichotomous nonetheless:

A linear operator T is called dichotomous (see [21]) if a strip around the
imaginary axis belongs to o(T), and there is a topologically direct decomposition
V = V4@ V_ such that V4 is T-invariant and o(T'|y, ) is contained in the open right
and left half-plane, respectively. In particular Uy C VL. Now for the operator T
from Example 3.7 we have Uy = @, (va and that U, + U_ is not topologically
direct. Consequently T is not dichotomous. On the other hand, T has compact
resolvent and the eigenvalues ik? + vk, k > 1. Hence {z||Rez| < 1} C o(T).

Lemma 3.14 Let T be a closed operator on V', zg € o(T) and U C V a closed
(T — 29)~-invariant subspace. Then U is (T — z)~‘-invariant for all z in the
connected component of zy in o(T).

Proof. Tt suffices to show that the set
A={z¢€(T)|Uis (T — z)" *-invariant}

is relatively open and closed in o(T'). Let z € A. For w € C sufficiently close to z
a Neumann series argument shows that

(T—w) = (T —2)" I~ (w=2)(T -2 " = (w—2)HT — 2L,

If z € U, then (T — 2)~*"'z € U for all k > 0. Hence also (T — w)~ 'z € U, i.e.
w € A; A is an open set.

12



Now let w € o(T) with w = lim,, o0 2n, 2n € A. For € U we then have
Us(T—2z) 2= (T—w)'leeclU as n— oo

since the resolvent (T — z)~! is continuous in z. Hence w € A, i.e., A is relatively
closed. O]

Proposition 3.15 Let T be an operator with compact resolvent and a finitely spec-
tral Riesz basis of subspaces (Vi)ren. If U is a closed subspace that is (T — z)~*-
invariant for some z € o(T), then U is T-invariant and compatible with (Vi)ken -

Proof. Since T has a compact resolvent, o(T") consists of isolated eigenvalues only
and o(T) is connected. The previous lemma thus implies that U is (T — z)~1-
invariant for all z € o(T'). Let Py be the projections corresponding to the Riesz
basis. Since o, = o(T|y, ) is an isolated part of the spectrum of T', Py is the Riesz
projection associated with oy:

i

P (T — 2)"dz (16)

2 Tk

where T'j; is a simply closed, positively oriented integration contour with oy in its
interior and o(T") \ o in its exterior, see e.g. [16, Theorem I11.6.17]. Consequently
P,(U) C U, and U is thus compatible with (V). The T-invariance is now a
consequence of Lemma 3.10. 0

4 Hamiltonian operator matrices

The purpose of this section is to provide some basic facts about Hamiltonian op-
erator matrices, in particular about their connection to Krein spaces. We will also
derive existence results for finitely spectral Riesz bases of subspaces and for Riesz
bases of generalised eigenvectors for the Hamiltonian.

We use the following definition of a Hamiltonian operator matrix, see also [4].

Definition 4.1 Let H be a Hilbert space. A Hamiltonian operator matriz is a
block operator matrix

r=(& ). PO=@@ne) x o) nom)
acting on H x H with densely defined linear operators A, B, C on H such that B
and C are symmetric and T is densely defined.

If B and C are both nonnegative (positive, uniformly positive), then T is called
a nonnegative (positive, uniformly positive, respectively) Hamiltonian operator ma-
trix.?

Hamiltonian operator matrices are connected to two indefinite inner products
on H x H. We recall some corresponding notions and refer to [5, 6, 14] for more
details: A vector space V together with an inner product (-|-) is called a Krein

A -—-B

Zo _ax ), in particular with nonnegative B, C, is also

2Note that the sign convention T = (

used in the literature, e.g. in [19, 21].

13



space if V' is also a Hilbert space with scalar product (-|-) and there is a selfadjoint
involution J : V' — V such that (z|y) = (Jz|y) for all z,y € V.

A subspace U C V is called J-neutral if (x|z) = 0 for all x € U. The J-
orthogonal complement of U is defined by

Ui ={zeV|{zly)=0forally e U}.

Two subspaces U, W C V are said to be J-orthogonal, U(LYW,if W c U™, U is
J-neutral if and only if U € UY). The subspace U is called J-non-degenerate if
UnuU ={0}.

Let T be a densely defined linear operator on V. It is called J-symmetric if
(Txly) = (x|Ty) for all z,y € D(T). The J-adjoint of T is defined as the maximal
operator T¢*) such that

(Tx|y) = (x|Ty) for all = e D(T), y e DTH).

The operator is called J-selfadjoint if T = T, and in this case its spectrum o (7"
is symmetric with respect to the real axis.
Consider the Krein space inner products on H x H given by

. 0 —
o = (hely) vt n= ()

and
. 0 I
el = (aely) witn 2= (7 ).

Here (-|) denotes the usual scalar product on H x H. The straightforward com-

(& Z)OIG)

i(Au + Bo|?) — i(Cu — A*v|a)
(

i(u|A*0 — Cu) —i(v| — Bo — Aa)

(Bl I6)

shows that T is Jp-skew-symmetric, i.e.

(Tzly) = —(z|Ty) for all z,y € D(T).

As a consequence, T is always closable. In the following, additional assumptions
on 7T such as in Theorem 4.6 or a lower resolvent bound 0 in Section 7 will often
imply that T is already closed. From

A B U U *
Re[<c —A*> (U) ’ (v)} = Re((Au + Bolv) + (Cu — A*v|u))
= (Bvv) + (Culu)
we obtain that T is nonnegative if and ouly if it is Jo-accretive, i.e. Re[Tz|x] > 0
for all x € D(T).

The J;-skew-symmetry of 1" yields symmetry properties of the spectrum:

Proposition 4.2 Let T be a Hamiltonian operator matriz.
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(1) If A\ p € op(T) with X # —, then the root subspaces L(A) and L(p) are
Ji-orthogonal. In particular L(X) is Ji-neutral for X & op(T) NiR.

(i) If T has a complete system of root subspaces, then a,(T') is symmetric with

respect to the imaginary azis, and L(\) + L(—A) is Ji-non-degenerate with
dim £(A\) = dim £(—X) for every A € o,(T).

(iii) If there exists z such that z,—Z € o(T), then T is Jy-skew-selfadjoint, i.e.
T=-T%, and o(T) is symmetric with respect to the imaginary azis.

In particular, the point spectrum of a Hamiltonian with a finitely spectral Riesz
basis of subspaces is symmetric with respect to the imaginary axis.

Proof of the proposition. (i): Since T is Ji-symmetric, this is an immediate con-
sequence of [6, Theorem I1.3.3].
(ii): Let

o0o={A€C|ReA>0and (A€ 0,(T)or —Aeoy(T))}

and Uy = L(\)+L(=\) for A € gg. From (i) it follows that the Uy are pairwise J;-
orthogonal. For z € UxN U;\” this implies that (z|y) =0 for ally € }° U,,. Since
>-,Un C H x H is dense by assumption, we obtain (z|y) = 0 for ally € H x H
and thus z = 0: U, is Ji-non-degenerate. For A € gg with Re A > 0, the subspaces

L(A) and L(—A) are Ji-neutral and their sum is non-degenerate. This implies that
dim £(A\) = dim £(—X), see [6, §1.10]. In particular A\, =X € 0,(T) and hence the
symmetry of o, (T).

(iii): We have that ¢T is Ji-symmetric and w,w € o(¢T) where w = iz. As in
the Hilbert space situation this implies that i7" is Jp-selfadjoint. Consequently, T’
is Jp-skew-selfadjoint. O

Remark 4.3 For any J-skew-selfadjoint operator T', 0,,(T") is symmetric with re-
spect to iR if and only if the residual spectrum o, (') is empty; this is an immediate
consequence of [5, Theorem 2.1.16]. An example for a J;-skew-selfadjoint Hamil-
tonian with o, (T") # @ and thus non-symmetric o,(T) is constructed in [3].

The Js-accretivity of a nonnegative Hamiltonian leads to characterisations of
the spectrum on the imaginary axis:

Proposition 4.4 Let T be a nonnegative Hamiltonian operator matrix.
(i) We have o,(T) NiR = @ if and only if
ker(A —it) Nker C' = ker(A* 4+ it) Nker B ={0} forall teR. (17)
(i) If T is uniformly positive with B,C > ~, then
{z € C||Rez| <~} Cr(T).
Proof. (i): We show that (T — it)x = 0 for z = (u,v) € D(T) if and only if

u € ker(A—it)NkerC' and v € ker(A* +it) Nker B.

15



Indeed if (T' —it)z = 0, then
(A—it)u+ Bv=0, Cu— (A" +it)v =0, and
0 = Re(it[z|z]) = Re[Tz|x] = (Bo|v) + (Culu).

Since B and C are nonnegative, this yields (Bv|v) = (Culu) = 0. Thus for all
r € R and w € D(B),

0 < (B(rv+ w)|rv + w) = 2r Re(Bv|w) + (w|w),

which implies Bv = 0. Similarly Cu = 0 and thus (A — it)u = (A* +it)v = 0. The
other implication is immediate.

(ii): For x = (u,v) € D(T) we have Re[Tz|z] = (Bv|v) + (Culu) > ~|z|*
Let z € C\ 7(T"). Then there exists a sequence (z,) in D(T) with ||z,] = 1 and
(T — z)x, — 0 as n — oco. For a, = Re[(T — 2)xp|2,] this implies o, — 0. We
obtain

v = yl|lzn | < Re[Tay|xn] = o + Re 2 - [2,]2,)
<lan| + [Rez|[(Jozn|zn)| < |an| + | Re z[lzn]|* = | Rez|
asn — oo, i.e. ¥ < |Rez|. O

We end this section with perturbation theorems for two classes of diagonally
dominant Hamiltonians, which ensure the existence of finitely spectral Riesz bases
of subspaces.

Definition 4.5 A Hamiltonian operator matrix is diagonally dominant if B is
relatively bounded to A* and C' is relatively bounded to A.

Diagonally dominant block operator matrices are studied in [31, 32]. If the Hamil-
tonian 7' is diagonally dominant, then in particular

D(A) c D(C),  D(A*) C D(B). (18)

If A is closed, these inclusions are even sufficient for diagonally dominance since B
and C' are closable; see [32, Remark 2.2.2].

Theorem 4.6 Let T be a Hamiltonian operator matriz where A is normal with
compact resolvent and B, C are p-subordinate to A with 0 < p < 1. If o(A) lies
on finitely many rays from the origin and

N(r, A
lim inf (r, )<

r—00 rl=p

00, (19)

then T has compact resolvent, is Jy-skew-selfadjoint, and there exists a finitely
spectral Riesz basis of subspaces (Vi)gen for T.

Proof. This is an application of Theorem 3.9 to the decomposition

. (A 0 (0 B
T=G+S with G<0 —A*>’ S(C 0>’

see [37, Theorem 7.2] for details. The skew-selfadjointness then follows by Propo-
sition 4.2. 0
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Theorem 4.7 Let T be a uniformly positive Hamiltonian such that A is skew-
selfadjoint with compact resolvent, B,C are bounded and satisfy B,C > . Let iry
be the eigenvalues of A where (i )ken is increasing and A € {Zy,Z—,7Z}. Suppose
that almost all eigenvalues iry are simple and that for some 1 > b = max{||B||,||C||}
we have

Ter1 — Tk > 20 for almost all k € A.

Then T has compact resolvent, almost all of its eigenvalues are simple,
o(T)Cc{ze C|y<|Rez| <b},
and T admits a Riesz basis of eigenvectors and finitely many Jordan chains.

Proof. See [37, Theorem 7.3]. O

Remark 4.8 Due to [37, Remark 6.7], Theorem 4.6 continues to hold if A is
an operator with compact resolvent and a Riesz basis of Jordan chains, B is p-
subordinate to A*, C' is p-subordinate to A, 0 < p < 1, almost all eigenvalues
of A lie inside sets {e" (z +iy) |z > 0, |y| < aaP} with a > 0, —7 < 0; < T,
j =1,...,n, and (19) is satisfied. Theorem 4.7 also holds if A has a compact
resolvent, a Riesz basis of eigenvectors and finitely many Jordan chains, and almost
all eigenvalues of A are simple, contained in a strip around the imaginary axis and
their imaginary parts are uniformly separated. The constant b has to be adjusted
then.

5 Invariant subspaces of Hamiltonians

In this section we construct invariant compatible subspaces of the Hamiltonian
that are hypermaximal Jj-neutral. For a nonnegative Hamiltonian, the subspaces
associated with the point spectrum in the open right and left half-plane are J-
nonnegative and -nonpositive, respectively.

Let V' be a Krein space. Recall that a subspace U C V is J-neutral if and only
if U c U™, Tt is called hypermazimal J-neutral if U = US| see [5, 6]. It is not
hard to see that if U, W are J-neutral subspaces with V = U & W, then U and W
are hypermaximal J-neutral. For dim V' < oo, this is even an equivalence:

Lemma 5.1 LetV be a finite-dimensional Krein space. If U C V is hypermaximal
J-neutral, then there exists a J-neutral subspace W such that V. =U & W.

Proof. By induction on n = dimU we show that there exist systems (eq, ..., e,)
in U and (f1,..., fn) in V that form a dual pair, i.e. {e;|fx) = d;k, and are such
that W = span{fi,..., fn} is neutral. Indeed, if dimU = n+1 and e € U \
span{ey, ..., ey}, we can set

n

en1=e— 3 (elfj)e;.

j=1

Since V' is non-degenerate, there exists f € V with (ep+1]f) = 1. Then
Pt = Dotp1ets = L lfpes and g = F = il

J:

j=1
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1R

Figure 1: A point spectrum symmetric with respect to iR and a skew-conjugate
subset o.

yields the desired properties.

If Z?Zl ajej + Bif; = 0, then we can take the inner product of this equation
with the elements e;, f; and find a; = §; = 0 for all j: (e1,...,en, f1,.-., fn) I8
linearly independent. In particular (eg,...,e,) is a basis of U and U N W = {0}.
To show V. =U @ W, let € V and set u = x —w where w = > 7, (zle;) f; € W.

Then (ule;) = 0 for all j, i.e. u € U =U. O

Definition 5.2 For a linear operator whose point spectrum o,(7") is symmetric
with respect to the imaginary axis, we say that a subset o C 0,(T) \ iR is skew-
conjugate if

(i) A€o = —X¢oand
(ii) A€ op(T)\iR = A€o or -\ € 0.

In other words, o contains one eigenvalue from each skew-conjugate pair (A, —X)
in 0,(7T) \ iR, compare Figure 1.

Theorem 5.3 Let T be a closed Hamiltonian operator matriz with a finitely spec-
tral Riesz basis of subspaces. Then T possesses a hypermazimal Jy-neutral, T-
invariant, compatible subspace if and only if for all it € o,(T) N iR we have

L(it) = My ® Niw  with My, Ny Jy-neutral and My T-invariant. (20)

In this case, for every skew-conjugate subset o C o,(T) \ iR the T-invariant com-
patible subspace

U= Z L(N) + Z M, (21)

A€o it€op (T)NIR

s hypermaximal Jy-neutral.

Proof. Let (Vi,)rew be a finitely spectral Riesz basis of subspaces for T' and write
or = o(T|v,). Suppose first that U is hypermaximal J;-neutral, T-invariant, and
compatible with (Vj). So U is of the form

UZ@QUkZ Z M)

keN A€oy (T)
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where the subspaces Uy C Vj, and M) C L(\) are all T-invariant, compare Corol-
lary 3.11. By Proposition 4.2, each L(it), it € o,(T) N iR, is Ji-non-degenerate
and thus itself a Krein space. In view of the previous lemma it suffices to show
that M;; is hypermaximal neutral with respect to L(it), i.e., M;t” N L(it) = M.
Since M;; C U we have that M, is neutral and hence M;; C M;tJ‘) N L(it). Let
x € M;tJ‘) NL(it). Since L(it) is Ji-orthogonal to L(A) for every X # it, we see that
x(L)M, for all \ and hence z € U{*) = U. On the other hand = € £L(it) C Vi, with
ko such that it € oy,. Consequently x € U NV, = Uy,. Now the decomposition

Us, = €P M,

A€ok,

implies that « € Uy, N L(it) = M.

For the other implication, suppose now that for every it € o,(T') NiIR there is a
decomposition L(it) = M;; & N;; into neutral subspaces where M;; is T-invariant,
let 0 C 0p(T) \ iR be skew-conjugate, and let U be given by (21). Since U is
the closure of the sum of neutral, pairwise orthogonal subspaces, U is neutral.
Moreover, U is T-invariant and compatible with (V}) with decomposition

=B v, =Y o+ Y M

keN AEoNo it€orNiR

It remains to show that U ¢ U. We have Vi, = U & W), with

Wi, = ZE(A)Jr Z N, T = o \ (0 UiR).

AETYE iteoNiR

Let + € U, We expand z in the Riesz basis (Vj) as @ = >, (uj + wy) with
ug € Uy, wi, € Wy. To show that all wy are zero, we consider now the subspaces

U= Y LN+ > My,

AETL iteoNiR

The fact that o is skew-conjugate yields A € 7 = —\ € o, and therefore ﬁk cU.
Moreover Uy, is Ji-orthogonal to W; for j # k, and Wy, is neutral. For @ € Uy,
w € Wy, we thus compute

0= (ali) =Y (uj +wyli) = (wi|a) = (wy|i + @).
JEN
In view of Proposition 4.2, ﬁk_ + W), is non-degenerate since it is the orthogonal
sum of subspaces L(A\) + L(—X), A € 7, U (0, NiR). Consequently wy = 0 for all
k and hence x = ), up € U. O

Remark 5.4 Since all root subspaces of T are finite-dimensional, results about
the Jordan structure of J-symmetric matrices (e.g. [20, Theorem 2.3.2]) may be
used to reformulate condition (20): It turns out that (20) holds if and only if
L(it) = M}, & N/, with neutral subspaces M/,, N/,.

Now we consider the subspaces associated with o;)t (T), the point spectrum of
T in the open right and left half-plane, respectively.
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Lemma 5.5 Let T be a linear operator on a Banach space with o,(T) NiR = @.
Consider the algebraically direct decomposition

Sy =wedEwo, Wa= Y L,

AEay (T) Aeoy (T)

and the associated algebraic projections Py onto Wy. Then
1 !/
— | (T —2)'2dz =Pz — Pz forall z € Z L(N), (22)
TSR Aoy (T)

where the prime denotes the Cauchy principal value at infinity, that is fl/]R fdz=

lim, o0 f:T fdz.

Note that the integrand in (22) is well-defined since (T — 2)~! acts, for each
x, on a finite sum of finite-dimensional subspaces generated by Jordan chains;
(T — z)~'x is thus continuous in 2.

Proof of the lemma. By linearity it suffices to consider € £(\) and the Jordan
chain generated by x. With respect to this Jordan chain, 7" is represented by the
matrix

A1
N (23)

and it suffices to show that
i
/ (Bx — 2)" Yz = +inl
iR

for Re A 2 0. This is a straightforward calculation. O

Lemma 5.6 Let T be an operator with a Riesz basis (x)ren consisting of Jordan
chains. If op(T)NiR = @& and 0,(T") is contained in a strip around the imaginary
azxis, then

/ (T —it) z||?dt > colz? for x € span{xy |k € N}

— 00

with some constant ¢y > 0.

Proof. Let x € span{zy |k € N}. Then there is a finite system F = (y1,...,yn) C
(2k)ken consisting of Jordan chains such that © = a1y1 + ... + apyn. span F is a
T-invariant subspace with basis F. With respect to F, (T —it)~! is represented
by a block diagonal matrix D with blocks of the form (E\ —it)~!, E\ as in (23).
Hence

(T—it) o= ap(T—it) 'yp = Y owDjry;.
k=1

Jik=1
Let m, M > 0 be the constants from (3) for the Riesz basis (x)). Putting & =
(a1,...,0,) and using the Euclidean norm on C", we find

n n 2
|7 =it~ a2 = m > | S D] = ml|De)l”

j=1 k=1
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Now || DE||? is the sum of terms of the form ||(E\ — it) v, one for each Jordan
chain in F' with v the part of £ corresponding to that Jordan chain. From

1By —it]| < [A —it| + | (0-3 O) | <A—idt|+1

it follows that

By —it)-1 2>7 2

With u = Re A\, v = Im A, we calculate

/°° dt N /°° dt B 1/00 dt
o=t T 2 —atP ) 2) T+ u(t—v)?

1 t—v 00 ™
= ———= arctan | ——— ‘ = —
2vV1 +u? (\/1+u2) t=—co  2v/1+u?

Choosing a > 0 such that |Re | < a for all A € 0,(T"), we obtain

(T —it)  z||*dt > m

> 2 2
/_oo - \/1+—2H§H 2M\/1+—2H I

A subspace U C V of a Krein space is called J-nonnegative, J-positive and
uniformly J-positive if (z|z) > 0, > 0 and > a||x||?, respectively, for all z € U\ {0},
with some constant o > 0. Nonpositive, negative and uniformly negative subspaces
are defined accordingly.

A variant of the following result for dichotomous operators was obtained in [22,
Theorem 1.4]. In [5, Corollary 2.2.22], the first assertion is proved for so-called
W -dissipative operators.

Proposition 5.7 Let T be a nonnegative Hamiltonian operator matriz and con-
sider the subspaces
L=y LY
Ao (T)
(i) Uy is Ja-nonnegative and U_ is Jo-nonpositive.

(i) If in addition T is uniformly positive, has a Riesz basis of Jordan chains, and
op(T) is contained in a strip around the imaginary azis, then Uy is uniformly
Ja-positive/-negative.

Proof. (i): To show that U, is Jy-nonnegative, it suffices to show that [z|z] > 0
for every o = x1 + - 4 a2, 1 € L(N)), Nj € 0 (T). Let

Wofspan{T Aj) xj’]fl n,kGIN}.

Then W) is finite-dimensional, T-invariant, € Wy, and the restriction Ty = T'|w,
satisfies o(Tp) C {A\1,..., An}. Lemma 5.5 and the Je-accretivity of T imply

[w]2] = Re[z|] = %/ Re[(Th — it)~a|a] dt

1 !/
= —/ Re[Ty(Ty — it) " ta|(Ty — it) "] dt > 0.
™ JR
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A similar calculation shows that U_ is Jy-nonpositive.

(ii): We have Re[Tx|z] > ~||z||?> with some v > 0 and iR C r(T). Let W, be
the span of the Jordan chains from the Riesz basis which correspond to o,f (T'). As
a consequence of 0 € 7(T) we have W, = U,. For z € Wy, Lemmas 5.5 and 5.6
now yield

[x]x] = %/RRe[T(Tfit)_lsd(Tfit)_lsc] dt

v

il / 1T — ity ] dt > 20 )2,
m R s

Consequently U is uniformly Jo-positive. Again, a similar reasoning applies to
U_. O

Remark 5.8 Proposition 4.2 and Theorem 5.3 also hold for arbitrary (skew-)
symmetric operators on Krein spaces since in the proofs the particular structure of
the Hamiltonian as a block operator matrix was not used. Similarly, Proposition 5.7
holds for arbitrary (uniformly) accretive operators.

Lemma 5.9 Let T be a nonnegative Hamiltonian operator matriz with

C>0 and ker(A* —A)NkerB={0} forall XeC. (24)

Then the root subspaces L(N\) of T are Ja-positive for Re X > 0 and Ja-negative for
Re ) < 0.

Proof. Suppose that Re A > 0; the proof for Re A < 0 is analogous. From Propo-
sition 5.7 we know that £(\) is Jo-nonnegative. Let © = (u,v) € L(A) \ {0} and
n € N minimal such that (T — A)"z = 0. We use induction on n to show that
[z]2] # 0 and thus [z|z] > 0.

For n =1 we have

Re A - [z]|z] = Re[Tx|z] = (Bv|v) + (Culu).

If [z]x] = 0, then w = 0 since B is nonnegative and C' positive. Hence

= (%))

and (24) yields v = 0, a contradiction.
For n > 1 we set y = (T — N)z; so y # 0 and thus [y|y] > 0 by the induction
hypothesis. If [z]z] = 0, then

0 = Re A - [z|z] = Re[Tz|z] — Rely|x],
o Relyle] = Re[T|z] = (Bulv) + (Culu).

Forr € Rlet w = rz+y € L(\). Then 0 < [w|w] = 2r Re[y|z] + [y|y]. Since r
is arbitrary, this implies Rely|z] = (Bv|v) + (Culu) = 0. So again u = 0 and also
Bv = 0, see the proof of Proposition 4.4. Consequently, the first component of y
is zero and hence [y|y] = 0, again a contradiction. O
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6 Solutions of the Riccati equation

In this section we consider diagonally dominant Hamiltonian operator matrices.
We derive conditions that ensure the existence of (generally unbounded) solutions
of the corresponding Riccati equation.

For a linear operator X on the Hilbert space H we consider the graph subspace

I(X) = {<;u) ‘u € D(X)}.

It is well known that invariant graph subspaces of block operator matrices are con-
nected to solutions of Riccati equations. In particular, the notions of strong as well
as weak solutions are considered. In [19] it was shown that these two notions are
equivalent for bounded solutions corresponding to Hamiltonian operator matrices
with bounded B, C'. The equivalence for unbounded solutions corresponding to
bounded selfadjoint block operator matrices was proved in [17]. We consider the
situation where all involved operators are unbounded, see also Remark 7.7 and [36,
§4.3].

Proposition 6.1 Let T be a diagonally dominant Hamiltonian and X a linear
operator on H.
(i) T(X) is T-invariant if and only if X satisfies the Riccati equation
X(Au+ BXu) =Cu— A*Xu forall ueDA)NX'DA*). (25
(In particular Au+ BXu € D(X) for u € D(A) N X~1D(A4*%).)

(i) If T has a finitely spectral Riesz basis of subspaces (Vi)ren and T'(X) is
compatible with (Vi)ken, then D(A) N X ~YD(A*) is a core for X.

(iii) If X is selfadjoint and D(A) N X ~YD(A*) is a core for X, then (25) holds if

and only if the weak Riccati equation
(Xu|Av) + (Au|Xv) + (BXu|Xv) — (Culv) =0 (26)
holds for all u,v € D(A) N X~ 'D(A*).

Proof. (i): T'(X) is T-invariant if and only if for all u € D(A) N D(X) with Xu €
D(A*) there exists v € D(X) such that

ol w)_ Au+BXu\ (v
Xu) \Cu—A*Xu) \Xv)’
and this is obviously equivalent to (25).

(ii): By assumption, we have T'(X) = @7 Uy with Uy C Vi, € D(T). Then
> i Uk is dense in I'(X), and hence the subspace D C H obtained by projecting
>, Uy, onto the first component is a core for X. Moreover D C D(A) N X ~'D(A*)
since >, Uy C D(T'); hence D(A) N X ~'D(A*) is a core for X.

(iii): Taking the scalar product of (25) with v € D(A4) N X ~1D(A*), we imme-
diately get (26). On the other hand, (26) can be rewritten as

(Au + BXu|Xv) = (Cu — A" Xulv).

Since D(A) N X 1D(A*) is a core for X, this equation holds for all v € D(X).
Consequently Au + BXu € D(X*) = D(X) and (25) follows. O
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Graph subspaces are also naturally connected to the Krein space inner products
considered in Section 4, see also [11].

Lemma 6.2 Consider a linear operator X on the Hilbert space H.

(i) X is Hermitian, i.e. (Xu|v) = (u|Xv) for all u,v € D(X), if and only if
I'(X) is Jy-neutral.

(i) X is selfadjoint if and only if T'(X) is hypermazimal Jy-neutral.
If X is Hermitian, then

(ii) X is nonnegative and nonpositive if and only if T'(X) is Jo-nonnegative and
Jao-nonpositive, respectively;

(iv) X is bounded and uniformly positive (negative) if and only if T'(X) is uni-
formly Jo-negative (positive).

Proof. The assertions (i) and (iii) are immediate. For (ii) suppose I'(X) is hyper-
maximal Jj-neutral. If w € D(X)* then

<(;u) ‘ (3)> = i(ulw) =0 for all u € D(X).

Hence (0,w) € T'(X)) = T'(X) and so w = 0; X is densely defined. Since X is
also Hermitian, it is thus symmetric, X C X*. If now v € D(X*), then

<<;“) ‘ <Xliu)> = i(u|X*v) —i(Xulv) =0 for all u € D(X),

which implies (v, X*v) € I'(X) and so v € D(X) and X*v = Xv. X is thus
selfadjoint. The converse implication in (ii) is proved similarly.
(iv): Let X be Hermitian and I'(X) uniformly Js-positive. Then

U U u 2 9 9
20X ulllull = 2Xul) = [( ¢ ) [ (5u)] 20 () || = cllul® + allXul?,

implies that (Xu|u) > ¢ |lul|? and || Xul| < 2||u||. The proof of the other assertions
is similar. 0

Now we formulate our main existence result for solutions of the Riccati equation.
Similar existence results have been obtained for bounded B and C: for Riesz-
spectral Hamiltonians in [19] and for dichotomous ones in [21]. Here we allow B
and C to be unbounded and consider finitely spectral Riesz bases of subspaces. This
concept is more general than a Riesz-spectral operator and it also allows for non-
dichotomous operators, see Remarks 3.4 and 3.13. Moreover, in [19] the conditions
for the existence of solutions were formulated in terms of the eigenvectors of T
while our conditions are solely on the operators A, B, C.

Theorem 6.3 Let T be a diagonally dominant, nonnegative Hamiltonian operator
matriz with o(T) NiR # & and a finitely spectral Riesz basis of subspaces (Vi)keN -
Suppose that

(a) B is positive, or
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(b) there is a connected component M of o(A) such that M No(T)NiR # & and
span{(A — z)"'B*u|z € M,u € D(B*)} C H s dense. (27)

Then the following holds:

(i) Every hypermaximal Ji-neutral, T-invariant, compatible subspace U is the
graph U =T'(X) of a selfadjoint operator X satisfying the Riccati equation

X(Au+ BXu) = Cu — A*Xu, u€D(A)NX DAY,  (28)
and D(A) N X~ ID(A*) is a core for X.
(i) If
ker(A —it) NkerC' = {0} for all t€R,
then o,(T) NiR = @ and for every skew-conjugate set ¢ C op(T) the as-
soctated invariant compatible subspace U, is hypermazximal Ji-neutral; thus

U, = I'(X,) with a selfadjoint solution X, of (28). The solutions X1 cor-

responding to o = api (T') are nonnegative/nonpositive.

(ii) If C is even positive, then every X, is injective. In addition, Xy is the
uniquely determined nonnegative/nonpositive selfadjoint solution of (28) whose
graph is compatible with (Vi;)ken .

Before proving the theorem, we give some remarks on its conditions and asser-
tions.

Remark 6.4 If 0,(T) NiR = @ (and dim H = c0), then T has infinitely many
skew-conjugate pairs of eigenvalues since o,(T) is symmetric to iR and infinite.
Hence there are infinitely many skew-conjugate sets o C o,(T") and infinitely many
corresponding solutions X, .

Remark 6.5 There is the following symmetric version of the assertions in Theo-
rem 6.3; it is immediate from the consideration of the transformed Hamiltonian

a)e L)Go)-0s 9 e

Suppose that C'is positive or that there is a connected component M of p(A4) such
that M N o(T) NiR # & and

span{(A* = z)7'C*v |2z € M, v € D(C*)} C H is dense. (30)

Then a hypermaximal Jj-neutral, T-invariant, compatible subspace U is the “in-

verse” graph
U = Diny (V) = { (1;“)

of a selfadjoint operator Y such that
Y(CYv — A*v) = AYv + Bv, v € DA)NYID(A), (31)

and D(A*) N Y ~'D(A) is a core for Y. If in addition ker(A* — it) Nker B = {0}
for all t € R, then 0,(T) NiR = @ and every skew-conjugate set 0 C 0,(T") yields
a selfadjoint solution Y, of (31). The solutions Y} corresponding to Upi(T) are
nonnegative/nonpositive. If B is positive, then every Y, is injective and the Y

are uniquely determined.

ve D(Y)}
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For bounded B, C, conditions analogous to (27) and (30) have been used in
[21]. In that setting, they are equivalent to the approximate controllability of the
pair (A, B) and the approximate observability of (A4, C'), respectively. Here we use
the following relation:

Proposition 6.6 Let A, B be densely defined operators on a Hilbert space H and
M C o(A). Then for the assertions

(i) span{(A — 2)"'B*v|z € M,v € D(B*)} C H dense,
(ii) ker(A* — X)Nker B={0} foral XeC,

we have the implication (i) = (i3). If A is normal with compact resolvent, B is
closable, D(A) C D(B), and M has an accumulation point in o(A), then (i) < (id).

Proof. For (i)=-(ii) consider A*u = Au, Bu = 0. Then
(A —2)"'B*olu) = (v|B(A* — 2)"*u) = (v|(A\ — 2) ' Bu) =0

for every z € M, v € D(B*) and (i) implies v = 0.

Now let A be normal with compact resolvent. Let (A;)ren be the eigenvalues
of A and Py the corresponding orthogonal projections onto the eigenspaces. To
prove (i), let u € H be such that ((A — z)"!B*v|u) = 0 for all z € M, v € D(B*);
we aim to show u = 0. The function

oo

fz)=((A=2)"'Blu) =) ﬁ(PkB*vw)

k=0

is holomorphic on ¢(A) and vanishes on M; hence f = 0 by the identity theorem.
If we integrate the series along a circle in p(A) enclosing exactly one A, we obtain

0= (PyB*v|u) = (B*v|Pyu) forall ve D(B*),
i.e. Pru € R(B*)t = ker B. Since Pyu € D(A) C D(B), we have in fact Pyu €
ker B. Since the eigenspaces of A and A* coincide, (ii) now implies Pru = 0 for all

k € N and thus u = 0. O

Proof of Theorem 6.3. (i): In view of Proposition 6.1 and Lemma 6.2, we only
need to show that U is a graph subspace. For this it is sufficient that (0,w) € U
implies w = 0. Suppose that (a) holds, let it € o(T), t € R, and set (u,v) =
(T —it)~1(0,w). Then

(A—it)u+ Bv=0, Cu-—(A"+it)v =w.

Since U is Ji-neutral and invariant under (7' — it)~!, this implies

0= ()=

0 = (wlu) = (Culu) — (v|(A —it)u) = (Culu) + (Bv|v).

and thus

Since B is positive and C' nonnegative, we obtain v = 0 and, with the reasoning
from the proof of Proposition 4.4, Cu = 0. Hence w = 0.
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In the case of (b), for it € M N o(T) NiR we consider u, v as above and obtain
now Cu = Bv = 0. Since it € g(A), we have —it € o(A*). For & € D(B*) we get

((A* +it)"'w|B*@) = —(v|B* @) = —(Bv|@) = 0.

Consequently, the function f(z) = ((A* — z)~*w|B*@), which is holomorphic on
M, vanishes on M N o(T) NiR. From the identity theorem we thus obtain

0=((4* - 2)_1w|B*€L) = (w|(A- z)7'B*a) for all z € M,

and (27) now implies w = 0.

(ii): The assertion that 7' has no eigenvalues on iR is immediate from Propo-
sition 4.4 and 6.6. Condition (20) in Theorem 5.3 is now trivially satisfied and
hence U, is hypermaximal J;-neutral. The subspace UL associated with a;,t (T) is
Ja-nonnegative /-nonpositive by Proposition 5.7 and hence X is nonnegative/non-
positive by Lemma 6.2.

(iii): If C > 0, then U, = Tiuw(Y,) by Remark 6.5. Hence X, is injective
with X1 =Y,. Now let X be nonnegative selfadjoint and I'(X) = @i Uy, with
Uy C Vi T-invariant. Then each Uy is Js-nonnegative and the span of certain
root vectors of T'. By Proposition 6.6, Lemma 5.9 can be applied and yields that
Uy is the span of root vectors corresponding to eigenvalues in the right half-plane.
Therefore Uy, C Uy and hence I'(X) C Uy. Consequently X C X4 and thus
X = X since both operators are selfadjoint. The proof of the uniqueness of X _
is analogous. |

Under the additional assumptions of Theorem 4.6, which yields a finitely spec-
tral Riesz basis of subspaces for T, condition (27) for the existence of solutions of
the Riccati equation simplifies:

Theorem 6.7 Let T be a nonnegative Hamiltonian operator matriz such that A
is normal with compact resolvent and B, C' are p-subordinate to A with 0 < p < 1.
Suppose that o(A) lies on finitely many rays from the origin, that

lim inf N(r, 4) < 00

r—00 Tlfp ’

and that

ker(A —X)Nker B= {0} forall XeC,
ker(A —it) Nker C' = {0} for all t€R.

Then T has compact resolvent, a finitely spectral Riesz basis of subspaces, and
o(T)NiR = @. For every skew-conjugate set o C o(T') the associated T-invariant
compatible subspace U, is the graph U, = T'(X,) of a selfadjoint solution X, of
the Riccati equation

X, (Au+ BX,u) = Cu — A* X, u, u € D(A)N X, 'D(A*), (32)
and D(A) N X;1D(A*) is a core for X,. The solutions Xy corresponding to o =
o (T) are nonnegative/nonpositive.

Proof. This follows from Theorem 4.6, Theorem 6.3 and Proposition 6.6. Note
that ker(A — \) = ker(A* — \) since A is normal. O
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7 Bounded solutions of the Riccati equation

In this section we prove the existence of bounded solutions of the Riccati equation
and also obtain relations between those solutions. We make use of the following
quantity associated with relatively bounded perturbations:

Definition 7.1 Let G, S be linear operators on a Banach or Hilbert space such
that S is relatively bounded to G. We call

co = inf ||S(G—2)""!
0 ZEQ(G)II( )l

the lower resolvent bound of S with respect to G.

Note that if ¢g < 1, then there exists z € o(G) with ||S(G —2)7!|| < 1, and a
Neumann series argument implies that z € o(G + S) and

-1

(G+S—2)"'=(G-2)""(I+5(G-2)7")

Recall that a linear operator G on a Hilbert space is called accretive if Re(Gx|z) >
0 for all x € D(G) and m-accretive if in addition z € o(G) for one (and hence for
all) z with Re z < 0, see [16, §V.3.10].

Lemma 7.2 Let S be relatively bounded to G with G-bound by and lower resolvent
bound co. Then:

(Z) bo S Co.
(i) If G is selfadjoint or m-accretive on a Hilbert space, then by = cg.
(i) If there is a sequence (zy) in o(G) and a constant M € R such that
lim |z;| = 00 and (G —z) 7 < —,
k— o0 |Zk|
then bg =0 < ¢ = 0.
Proof. (i) follows from the estimate
ISz]| < 1S(G = 2)THII(G = 2)zll < [S(G = 2) (1G] + |2l]l]])-

(ii): If G is selfadjoint, then (G —ir)~Y| < |r|7! and |G(G —ir)~t|| < 1 for
r € R\ {0}. Hence for every b > by there exists a € R such that

a

IS(G —ir)7Hl < all(G —ir) T + BIIG(G —ir) TH| < =+

7]

for every r € R\ {0}; consequently cy < by. If G is m-accretive, then ||(G+7r)~1|| <
r~tand |G(G + 7)Y <1 for r > 0. Hence ||S(G +7r)7 || <ar™! +b.
(iii): Let bp = 0. The assumptions yield

IG(G = z1) " = T+ 2(G —z) ' <1+ M
and
aM

1S(G = 2) Ml < all(G = 2) M +BIG(G — )7 < BN

+ (1 + M),

where b > 0 can be chosen arbitrarily small. Hence ¢y = 0. 0
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Remark 7.3 For selfadjoint G, the above proof shows that in fact
Jim[|S(G —ir) 7 = by

This result is already contained in the book of Weidmann [34, Satz 9.1]. If G is
m-accretive, then

lim [|S(G+ )| = bo.

For general G, the inequality by < co may be strict: Consider for example some
bo > 0 and normal operators G, S with a common orthonormal basis of eigenvectors
(er), Ger = Aiex, 0p(G) = Z U IZ, Se, = boey for A\ = 0 and Sei, = boApey for
Ax # 0. Then straightforward computations show that by is the G-bound of S and

Co Z bO\/8/5.

Definition 7.4 For a diagonally dominant Hamiltonian 7" we consider the decom-

position
A 0 0 B
reors o= (4 0) s=(08). @

We define the lower resolvent bound of T' to be the lower resolvent bound of S with
respect to G.

As seen above, if T has lower resolvent bound < 1, then o(T) # @. Moreover,
the Hamiltonians from Theorem 4.6 and 4.7 have lower resolvent bound 0, which
is a consequence of Lemma 7.2(iii).

Proposition 7.5 Let T be a diagonally dominant Hamiltonian with lower resol-
vent bound 0. Let X : H — H be bounded such that T'(X) is T- and (T — z)~1-
invariant for all z € o(T'). Then XD(A) C D(A*) and

A Xu+ XAu+ XBXu— Cu =0, u € D(A). (34)
Moreover
O'(A+BX):O'(T|F(X)), Up(A+BX):Up(T|F(X)),

and for every A € o,(A+ BX) the root subspace of A+ BX corresponding to A is
the projection onto the first component of the root subspace of T'|p(x) corresponding

to \.
Proof. We consider the isomorphism ¢ and the projection pr; given by

v: H—T(X), d pr; : Hx H— H,

an
u— (u, Xu), (u,v) — u.
Hence ¢! = pr,|r(x). Using the decomposition (33) and writing E = ¢~ 'T'|r(x)¢
and F' = pr, Sy, we have
E—F=prTp —pr;Sp = priGe = Alpa)nx-1D(a*)-

The (T — z)~-invariance of I'(X) implies that ¢~ Y(T — 2)~lp = (E — 2)~! for
z € o(T). Since T has lower resolvent bound 0, we can now use a Neumann series
argument to find z € o(G) N o(T') such that

F(E—-z) " =pr,Spoe (T —2) " o=pr,S(T—2)""y

=pr,S(G—2) ' (I+S(G - 2)71)7150
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and ||F(E — z)7!|| < 1. Consequently z € o(E — F) = o(Alp(aynx-1p(a~))- Since
also 2z € p(A), we obtain D(A) N X !D(A*) = D(A), i.e. XD(A) C D(A*). The
Riccati equation (34) then follows from (25). Moreover, we have

¢ 'Tlr(x)p = A+ BX,

which immediately implies the equality of the spectra and point spectra of T'|p(x)
and A+ BX, and that ¢ maps the root subspaces of A+ BX bijectively onto the
corresponding ones of T'|p(x). O

In [19, Theorem 5.6], a correspondence between bounded solutions of the Riccati
equation and eigenvectors of Riesz-spectral Hamiltonians is derived. We obtain:

Theorem 7.6 Let T be a diagonally dominant Hamiltonian with lower resolvent
bound 0, compact resolvent and a finitely spectral Riesz basis of subspaces (Vi) ken-
Let X : H — H be bounded. Then T'(X) is T-invariant and compatible with
(Vk)ken if and only if XD(A) C D(A*) and X is a solution of the Riccati equation

A Xu+ XAu+ XBXu— Cu =0, u € D(A). (35)

Proof. If T'(X) is invariant and compatible, then the assertion follows from Propo-
sition 7.5. So suppose that XD(A) C D(A*) and that (35) holds. In view of Propo-
sition 3.15 it suffices to find z € o(T') such that T'(X) is (T — z) ™ !-invariant. Let ¢
and pry be as above. Let z € o(G), in particular z € p(A4). Since XD(A) C D(A*),
we have

A—z=pr (G- 2)p.

Set W = (G — 2)¢(D(A)). Then pr; maps W bijectively onto H and we have
(A=2)7 =9 G~ =) (pry|w) ™"

We want to show that W is closed. Let z,, € W with z,, — x as n — oo and
set yn = (G — z)"tx,. Then y, — (G — 2z)"1a as well as

Yn = (A —2)"'pria, = (A —z)"'prya.

Consequently (G —z) 7tz = ¢(A—2) " !pr;z and hence x € W. The open mapping
theorem now implies that (pr;|w)~! is bounded. Since

BX(A - 2)71 =pr;Spo Sﬁil(G - Z)fl(Pr1|W>71 =pr;S(G - Z)il(pr1|W)71

and since T has lower resolvent bound 0, we can find z € o(G) N o(T') such that
| BX(A—2)"!| < 1, which in turn yields z € p(A+BX). Since (35) holds, I'(X) is
T-invariant and ¢~ 'T'|p(x)p = A+ BX; in particular o(T|r(x)) = 0(A+BX). We
end up with z € o(T) N o(T'|p(x)), which implies that ['(X) is (T — z)~'-invariant.

0

Remark 7.7 Let X be bounded and selfadjoint. Then XD(A) C D(A*) and
A*Xu+ XAu+ XBXu— Cu =0, u € D(A),
if and only if XD(A) C D(B) and
(Xu|Av) + (Au|Xv) + (BXu|Xv) — (Culv) =0, wu,ve D(A).

Indeed, the second equation implies that (Xwu|Av) is bounded in v; hence Xu €
D(A*) and the first equation follows.
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Lemma 7.8 Let X, X_ be bounded selfadjoint operators on a Hilbert space H
with X uniformly positive and X_ nonpositive. If X s a Hermitian operator on
H satisfying D(X) = D4+ + D_, X|p, = X4|p., then X is bounded.

Proof. First consider u € Dy, v € D_ with ||u|| = ||v|]| = 1. Then
Re(u — v|Xyu + X_v) = Re((u|Xtu) — (v|Xu) + (u|Xv) — (v|X_v))
= (ulXpu) = (v[Xv) =y
where X, > v > 0. Hence
v < (=l Xpu+ Xov)| < flu— vl - (| X+ X))

This implies

) 1 v ’
1 =—|lu—v|*>6 with 6==(-——""— ’
Re(ulv) = llu—v[* 26 wi 2 <|X+||+|X—||> =0

Consequently
[(ulv)] <1—=§ forall we Dy,ve D_ with |ul]| = |v| =1.
Now for arbitrary u € D, v € D_ we have the estimates

X (u+v)| = [ X+ X_v|| < max{ || XL, 1 X[} (el + o)),

2
(leall + N1o1)™ < 2(lull® + [l0]1%).
lu+ol* = flull® + [[o]]* = 2/(ufv)l > [[ul® + o]* = 21 = 8)l|ul|[lv]
> [full® + floll* = (@ = &) (llull® + [0l*) = o(lull* + [v]]*).-

Therefore

2
[X (u+ )| < \/;maX{IXA, X[ Hu+ v,
X is bounded. O

For uniformly positive Hamiltonians we can now prove the existence of bounded
solutions of the Riccati equation and also obtain relations between them. The
existence of bounded solutions was shown in [21] for the case that o(A) lies in a
sector in the open left half-plane; here o(A4) may also have points in the closed
right half-plane. The relations (37) and (39) were derived in [8, 26] under the
assumption of the existence of X_. On the other hand, no uniform positivity was
needed there.

Recall from Proposition 4.4 and (12) that a closed uniformly positive Hamil-
tonian with a finitely spectral Riesz basis of subspaces satisfies {z € C||Rez| <
~v} C o(T) for some ~ > 0.

Theorem 7.9 Let T be a uniformly positive, diagonally dominant Hamiltonian
with lower resolvent bound 0 and a Riesz basis of Jordan chains. Suppose that
all eigenvalues of T have finite multiplicity and that they are contained in a strip
around 1IR.
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(i) If U is a hypermazimal Ji-neutral, T-invariant, compatible subspace, then
U =T(X) where X is bounded, selfadjoint, boundedly invertible, XD(A) =
D(A*), and X is a solution of the Riccati equation

A*Xu+ XAu+ XBXu— Cu =0, u € D(A). (36)

Moreover, the solutions X4 corresponding to the compatible subspaces Uy
associated with U;t(T) are uniformly positive/negative and

X_<X<X,, X'<xt<xih (37)

(ii) If X is a closed symmetric operator satisfying D(A) C X~ 'D(B), and
(Xu|Av) + (Au|Xv) + (BXu|Xv) — (Culv) =0, u,v € D(A), (38)

then X is bounded, XD(A) C D(A*) and (36) and the first inequality in (37)
hold. If in addition T has a compact resolvent, then T'(X) is hypermazimal
Ji-neutral, T-invariant and compatible, and hence all conclusions of (i) hold.

(iii) If X is bounded and T'(X) is T-invariant and compatible, then there exists a
projection P such that

X=X.P+X_(I-P). (39)

Proof. (i): Let (Ax)ren be the eigenvalues of T. In view of Proposition 3.3, the
root subspaces L£(\x) of T' form a finitely spectral Riesz basis. Theorem 6.3 and Re-
mark 6.5 thus yield that U is a graph U = I'(X) with X selfadjoint and injective. In
particular Uy = I'(X 1) where X is also bounded and uniformly positive/negative
by Proposition 5.7 and Lemma 6.2. We have I'(X) = @ieN Uy, with T-invariant
subspaces U C L(Ag). Hence

2 2
IX)=W,oW_ with Wy= @ U, W.= @ Ui, (40
Re A >0 Re A\ <0

and W1 C T'(X4). Setting Dy = pry (W) where pry is the projection onto the first
component, we get D(X) = Dy+D_, X|p, = X4|p,, and Lemma 7.8 implies that
X is bounded. From Proposition 7.5 we thus obtain XD(A) C D(A*) and (36).
Then (38) holds too, and the first inequality in (37) will be a consequence of (ii).
As T'(X(4)) = Dinv (X (;1)), the above reasoning applied to the Hamiltonian 7" from

(29) yields the boundedness of X !, X ~'D(A*) C D(A) (hence XD(A) = D(A*)),
and the second inequality in (37).
(ii): Since equation (38) holds for X, we have

0= (Au|(X;+ — X)u) + (X+ — X)u|Au) + (BXu|X1u) — (BXu|Xu)
— (A + BX)ul(Xy — X)u) + (X — X)ul(A + BX.)u)
— (B(Xy = X)u|(Xy = X)u)

for u € D(A). With A = X, — X and ¢ € R we obtain

2Re((A + BXy — it)u|Au) = (BAu|Au) > 0.
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Proposition 7.5 implies that iR C o(A + BX), that 0,(A + BX) is contained
in the right half-plane, and that the system of root subspaces (L)) of A+ BX is
complete in H. Then

Re(v|A(A+ BX4 —it)"'v) >0 for veH,

and Lemma 5.5 yields

1 !
(Avlv) = —/ Re(Av|(A+ BX, — ity 'w)dt >0 for ve Z L.
TIR A€oy, (A+BXy)

Hence X < X4 on ), Ly. Analogously we find X_ < X on ), L. Since X
and X_ are bounded, this implies that X is bounded on ), Ly and hence on H
since X is closed. Consequently X_ < X < X holds on H, and XD(A) C D(A*)
and (36) follow by Remark 7.7.

Let now T have a compact resolvent. Theorem 7.6 implies that T'(X) is a
compatible subspace. It is also hypermaximal J;-neutral since X is selfadjoint.

(iii): We have again the decomposition (40). In particular, (Uy) is a Riesz basis
of I'(X). Let Dy = pry(Ug). Then (Dy) is complete in H. Moreover, if ¢ is the
constant from (4) for the basis (Uy) and uy, € Dy, then

1zuuku2<clzu(mk)u HZ(“’“)H 1+ X HZ@%H’
HchH <?!Z(Xuk)\\ cZH( )H <e(1 4 X ZH%HQ

So (Dg)ren is a Riesz basis of subspaces of H. Consequently, we have the decom-

position
2 2
e @ e @ o
Re x>0 Re A\ <0

Let P : H — H be the corresponding projection onto @iwpo Dy.. Since X|p, =
X4+|p, for Re Ay 2 0, we obtain X = X1 P+ X_(I — P). O

8 Examples

We start with an explicit example for the existence of infinitely many unbounded
solutions of the Riccati equation. The Hamiltonian here is neither Riesz-spectral
nor dichotomous, and so the results from [19] and [21] can not be applied.

Example 8.1 Let T be a nonnegative Hamiltonian with normal A, B = [ and
selfadjoint C' such that A and C' admit an orthonormal basis (fx)r>1 of common
eigenvectors, Afy = ik?fr and C'fy, = kfy, for k > 1. Then C is 1/2-subordinate to
A and Theorem 6.7 can be applied. In fact, T is the operator from Example 3.7,
its eigenvalues and corresponding normalised eigenvectors are

, 1 i
)\%Z’Lin\/E, Uéﬁﬁ(i\/%]%)’
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and Vi = Cfr x Cfy yields a finitely spectral orthogonal basis of subspaces. In
particular, 7" is neither Riesz-spectral nor dichotomous, see also Remark 3.13. The
hypermaximal J;-neutral compatible subspace corresponding to a skew-conjugate
set o C o(T) is given by

2
Usr= P Ux with Uy =

k>1

(Dv;r if /\g € o,
Cv, if A\, €o0.

It is the graph U, = I'(X,) of a selfadjoint solution X, of the Riccati equation
(32),
{ VE fi if A€o,
Xofr = _
—VEfi if A €o.
In particular, X, is unbounded and boundedly invertible. Moreover, every closed
densely defined solution X such that I'(X) is compatible with (V) is of the above
form.
By choosing different eigenvalues for the operators A and C, it is easy to con-
struct solutions X, with different properties, for example solutions that are un-
bounded and not boundedly invertible, see also [36, §5.1].

We now prove the existence of infinitely many solutions of a Riccati equation
involving differential operators. Since B and C are unbounded, this example is
again not covered by [19, 21].

Example 8.2 Let H = L?([a,b]) and consider the operators A, B, C on H given
by

Au=u", Bu=—(q1u') + hiu, Cu= —(gou') + hau,

D(A) = {ue W>*([a,b])|u(a) =u(b) =0, v(a) =u'(b)},

D(B) =D(C) = {u € C*([a,b]) | u(a) = u(b) = 0}

where 91,92 € Cl([avb])v hl;hQ S L2([a’ab]>a 917927h17h2 Z 07 and Wk,?([a,bb
denotes the Sobolev space of k times weakly differentiable, square integrable func-
tions. Then A is skew-selfadjoint with compact resolvent, 0 € o(A), and o(A)

consists of at most two sequences of eigenvalues
Ajk = ciek®, k> kjo, j=1,2,

with converging sequences (c;x ), see [25]. Since the multiplicity of every eigenvalue
is at most three, this implies that

N(r, A)
Egll) 173

< 00.

The operators B and C' are symmetric and nonnegative. Using Sobolev and inter-
polation inequalities, see [1], we can find constants by, be, b3 > 0 such that

IBullL2 < llgilloollu”llz + llgill 2 llv’lloe + Il 2 llwlloo < balluflw22

1/3 2/3 1/3 2/3
< bolull o ul35 2 < ballull 1o (lull oz + ([ 2)

_ 2/3 1/3 2/3
< by (AT + 1) ull 27 Awl 7
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for u € D(A). Hence B, and similarly C, are 2/3-subordinate to A. By The-
orem 4.6, the Hamiltonian corresponding to A, B, C' thus has a finitely spectral
Riesz basis of subspaces. If g > 0 or hy > 0, and if g5 > 0 or hy > 0, then both B
and C are positive, and Theorem 6.3 yields an injective selfadjoint solution of the
Riccati equation (28) for every skew-conjugate set o C o(T).

This example immediately generalises to normal differential operators A on
[a, b] of order n and nonnegative symmetric differential operators B, C of order at
most n — 1.

In our final example we obtain the existence of bounded solutions. In contrast
to [8], the explicit assumption of the existence of X_ is not needed here. We also
construct a solution whose graph is not a compatible subspace.

Example 8.3 Let H = L?([—1,1]) and consider the operators
Au=1/, D(A)={ueW"?([-1,1]) |u(-1) = u(1)},
Bu=bu, Cu=cu, DB)=DC)=H

with b,e¢ € L*°([—1,1]) and b(t),c(t) > v > 0 for almost all ¢t € [-1,1]. A is
skew-selfadjoint with compact resolvent and simple eigenvalues A\ = irk. B and
C' are bounded and uniformly positive. If now [|b]|oc, ||¢|lcc < 7/2, then we can
apply Theorems 4.7 and 7.9 and obtain bounded, selfadjoint, boundedly invertible
solutions of the Riccati equation (36) as well as the relations

X <X<X4 and X=X4P+X_(I-P).
Consider now the special case that ¢ = x2b with

1, t<0
t)=<" ’ € R\ {0,1}.
() {a’ oo CERVOL)

Let X € L(H) be the operator of multiplication with x. It is not hard to see that
D(A)N X 'D(A) = {ue WH?([-1,1]) |u(~1) = u(0) = u(1) = 0}
and AXu = yu' for u € D(A) N X~'D(A). Hence
—AXu+ XAu+ XBXu— Cu = —xu' + xu' + x*bu — cu = 0.
Consequently, X is a solution of the Riccati equation
—~AXu+ XAu+ XBXu— Cu =0, u € D(A)NX'D(A),

and D(A)N X ~'D(A) C H is dense. In particular, I'(X) is a T-invariant subspace.
On the other hand, since D(A) N X ~'D(A) # D(A) we have XD(A) ¢ D(A), and
with Theorem 7.6 we conclude that I'(X) is not a compatible subspace.
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