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7. Exercise Sheet in
Ordered Banach Spaces and Positive Operators
For the exercise classes on May 23 and 24, 2023

Exercise 1 (Positive extension of functionals). Consider the ordered Banach
space E = C1(]0, 27]) (with the pointwise order and the C''-norm).

(a) Let V C F denote the span of {1,sin} and let the functional v' € V' be given by
(p,al+fsin) = «

for all o, 8 € R. Is v’ positive? Can v’ be extended to a functional =’ € E/ ?
(b) Let W :={w € E | w(0) =0} and let w’ € W’ be given by

p d

(w',w) = aw(:p) -

for all w € W. Is w positiv? Can w’ be extended to a functional z’ € E'.?

Exercise 2 (Distance to the cone).

(a) Let (€2, ) be a measure space, let p € [1,00], and endow LP := LP(Q, ) with its
usual norm and the pointwise almost everywhere order. Show that

aist(f, ~1%) = | 77|

for each f € LP, where f* € LP is defined by the formula f*(w) := f(w) V 0 for
almost all w € €.

(b) Let H be an infinite-dimensional, separable, complex Hilbert spac{] and let F
denote the space of all self-adjoint compact linear opeators on H, endowed with the
Loewner order. Show that

dist(A, —E,) = ||A"||

for each A € F.

Here, A" is defined by means of the functional calculus, i.e., if (A;)nen is the se-
quence of eigenvalues of A and (u,) is an orthonormal basis of H that consists of
corresponding eigenvectors, then

AT ::i)\:{un@un

n=1

! Again, the assumptions that H be infinite-dimensional and separable are actually not needed
here; there is just here to simplify the notation.
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with A} = A\, V 0 (where the series converges unconditionally with respect to the
operator norm).

Exercise 3 (Distance to the cone and positive extension of functionals).
Endow [—1,1] with the Borel o-algebra and the Lebesgue measure and endow the
space L' := L'([~1,1]) with its usual norm and the pointwise almost everywhere
order. Consider the functions v,w € L that are given by

v(z)=1+z and wE)=1—x

for almost all # € [~1,1] and let V C L! denote the linear span of {v,w}. Let
v € V' be given by

(W', av + Bw) =«

for all a, 8 € R.

(a) Show that a vector av+pw € V' (with o, 8 € R) is positive if and only if o, 5 > 0.
Conclude that the functional v is positive.

(b) Show that v’ cannot be extended to a positive and continuous linear functional
on all of L.

Hint: First show that, for g € L*°([—1,1]), the functional f — fil f(z)g(x)dx on
L1 is positive if and only if g(z) > 0 for almost all x € [-1,1].

(c) It follows from part (b) and from Theorem 4.2.6 that there exists a sequence (vy,)
in V such that

dist(vy, Vi) — oo, while dist(vy,, E4) remains bounded

as n — oo. Find an explicit example of such a sequence (v,,).

Hint: First show, for instance by distinguishing different cases for the signs of o and
B, that ||av + Bw| > max{|a|,|5|} for all o, B € R.
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