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1. Cesàro sequene vetor latties
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1. Cesàro Sequene Vetor Spaes

Let C be the Cesàro matrix de�ned by

cnm =






1
n, if n ≥ m

0, if n < m
, i.e.

C =





















1 0 0 0 0 0 0 . . . . .

1
2

1
2 0 0 0 0 0 . . . . .

1
3

1
3

1
3 0 0 0 0 . . . . .

1
4

1
4

1
4

1
4 0 0 0 . . . . .

. . . . . . . . . . . .

1
n

1
n . . . . . 1

n 0 0 . .

. . . . . . . . . . . .





















.

Then C ≥ 0, dom(C) = RN
and Cx =

(

1
n

n∑

k=1

xk

)

n∈N

for

all sequenes x = (xk)k∈N ∈ RN
.
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For a subset λ ⊂ RN
de�ne the set

sol
(
C−1(λ)

)
= {x ∈ RN : C|x| ∈ λ}

Properties of sol
(
C−1(λ)

)
for the ase that λ is an order ideal

in RN
:

• sol
(
C−1(λ)

)
is an order ideal in RN

,

• sol
(
C−1(λ)

)
⊂ C−1(λ) = {x ∈ RN : Cx ∈ λ},

• sol
(
C−1(λ)

)
is the largest solid subset whih is ontained in

C−1(λ).

As an ideal sol
(
C−1(λ)

)
is a vetor lattie with respet to the

order inherited from the natural oordinatewise order of RN
.

We study the ideals sol
(
C−1(λ)

)
generated by the ideals

λ =






ℓp, for 0 < p < ∞  cesp

ℓ∞,  ces∞

c0,  ces0.

Clearly, c has to be omitted sine it is not an order ideal in RN
!

The spaes sol
(
C−1(λ)

)
share the properties above.
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2. The Cesàro Sequene Spaes for 0 < p < ∞

These vetor latties are de�ned as

cesp := sol
(
C−1(ℓp)

)
= {x ∈ RN : C|x| ∈ ℓp}.

It turns out that for 0 < p ≤ 1 these spaes are trivial, i.e. {0}.

If 1 < p < ∞ then ℓp is a proper solid (normal) subset of cesp.

Fix m > 2 + 2
p−1. Then the sequene x = (xn)n∈N with

xn =






k, if n = km

0, if n /∈ {km : k ∈ N}
. n ∈ N

Then x /∈ ℓp, however it an be shown that Cx is in ℓp: For

p ≥ 4 and m = 3 take x = (1, 0, . . . 0, 2, 0, . . . 0, 3, 0, . . .).

Then Cx = (1, 1
2, . . . ,

1
7,

3
9, . . . ,

3
26,

6
27, . . . ,

6
63,

10
64, . . .) ∈ ℓp,

and so x ∈ cesp.

Norm on cesp: ‖x‖cesp
:= ‖C |x|‖p =

( ∞∑

n=1

(
1
n

n∑

k=1

|xk|
)p
)1

p
.

x, y,∈ ℓp, C ≥ 0, |x| ≤ |y| =⇒ C|x| ≤ C|y| and so

‖x‖cesp
= ‖C|x|‖p ≤ ‖C|y|‖p = ‖y‖cesp

� Riesz norm.
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Remember:

M -norm: x, y ≥ 0 =⇒ ‖x ∨ y‖ = max{‖x‖ , ‖y‖}.

Lp-norm: x, y ≥ 0 =⇒ ‖x + y‖ = ‖x‖ + ‖y‖.

An element u ∈ E+, u 6= 0 of a vetor lattie E is alled an

atom, whenever 0 < x, y ≤ u and x ∧ y = 0 imply either

x = 0 or y = 0, or equivalent: whenever 0 ≤ x ≤ u implies

x = λu for some λ ∈ R+.

A vetor lattie E is said to be atomi if for eah x > 0, there

exists an atom u, suh that 0 < u ≤ x.

Examples: c0, c, ℓ
p (1 ≤ p ≤ ∞) are atomi vetor latties, but

C([0, 1]) is atomless.

Properties of

(
cesp, ‖·‖cesp

)
:

• Dedekind omplete vetor lattie (in partiular, Arhimedean)

• separable Banah lattie with respet to its norm (Shiue, 1970

and Leibowitz, 1971)

• re�exive if and only if 1 < p < ∞ (Jagers, 1974) and so the

norm of cesp is order ontinuous, i.e. xn ↓ 0 implies ‖xn‖ ↓ 0

(Aliprantis/Border, 1994)

• atomi vetor lattie, where the only atoms are the oordinate

sequenes en = (0, 0, ..., 0
︸ ︷︷ ︸

n−1

, 1, 0, 0, ...) for ∀n ∈ N

• neither an AM -spae nor an abstrat Lp-spae.
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3. The Dual of cesp

The problem of the dual spae ces′p of the Banah latties

(cesp, ‖·‖), formulated �rst 1971 in a Duth Journal, was solved

by Jagers (1974). We rest here on Bennett's approah (1996), whih

provides an expliit lattie isomorphism between ces′p and the new

onstruted spaes dq. For 0 < q < ∞ onsider

dq :=
{

a = (an)n∈N ∈ RN :
(

sup
k≥n

|ak|

︸ ︷︷ ︸
=: ân

)

n∈N
∈ ℓq

}

.

The sequene â = (ân)n∈N is alled least dereasing majorant of

a. d0 = c0 and d∞ = ℓ∞ are not of interest.

dq is proper subset of ℓq: a = (0, 1
21
, 0, 1

22
, 0, 0, 0, 1

23
, . . .) ∈

ℓ1. But â = ( 1
21
, 1
21
, 1
22
, 1
22
, 1
23
, 1
23
, 1
23
, 1
23
, 1
24
, ...) /∈ ℓ1, hene

a /∈ d1.

Norm on dq: ‖a‖dq
:= ‖â‖q =

(
∞∑

n=1
sup
k≥n

|ak|
q

)1/q

.

Properties of

(
dq, ‖·‖dq

)
:

• (dq, ‖·‖dq
) is a Dedekind omplete Banah lattie,

• c00 $ dq $ ℓq,

• the norm in dq is order ontinuous for 1 ≤ q < ∞.
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Let 1 < p, q < ∞ and

1
p + 1

q = 1. Then

〈a, x〉 :=
∞∑

n=1

anxn, x ∈ cesp, a ∈ dq

is a lattie isomorphism between ces′p and dq.

Interesting: the identi�ation is even isometri when cesp is en-

dowed with an other norm, equivalent to ‖·‖cesp
(s. Bennett,

Bonet/Riker for details).

• ces′0 = d1 with equality of norms (Curbera/Riker),

• ces′′0 = d′
1 = ces∞ with equality of the norms (Alexiewiz),

• Pettis' Theorem implies that dq is re�exive for 1 < q < ∞

as cesp is for 1 < p < ∞.

• the norm of d1 is order ontinuous (see above). However the

norm of ces∞ is not order ontinuous (GPW).
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4. Finite Elements in Vetor Latties

• An element ϕ of an Arhimedean vetor lattie E is alled �nite

if if there is an element z ∈ E satisfying the following ondition:

for any element x ∈ E there exists a number cx > 0 suh that

the following inequality holds

|x| ∧ n|ϕ| ≤ cx z for ∀n ∈ N.

The element z is alled E-majorant of ϕ.

Φ1(E) denotes the ideal of all �nite elements of E.

• ϕ ∈ E is alled totally �nite, if there exists an E-majorant

z ∈ Φ1(E).

Φ2(E) denotes the ideal of all totally �nite elements of E.

• ϕ ∈ E is alled self-majorizing, if |ϕ| is an E-majorant

of ϕ, i.e. ∀x ∈ E there is cx > 0 with

|x| ∧ n|ϕ| ≤ cx |ϕ| for ∀n ∈ N

S(E) denotes the set of all self-majorizing elements of E.

S+(E) = S(E) ∩E+. The set Φ3(E) = S+(E)− S+(E) is

also an ideal and

0 ∈ Φ3(E) ⊆ Φ2(E) ⊆ Φ1(E) ⊆ E.

9
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5. The Finite Elements in cesp and in dp

Eah atom of an Arhimedean vetor lattie is also a self-majorizing

element.

For a normed vetor lattie E denote by ΓE the set of all atoms

with the norm equal to 1. ΓE ⊆ Φ3(E) and, it onsists of pair-

wise disjoint linearly independent elements.

Let c00 denote the spae of all �nite sequenes, i.e. x =

(xn)n∈N ∈ RN
is in c00 if exists nx suh that xn = 0 for all

n ≥ nx. It is lear that span(Γcesp) = c00 6= cesp.

Theorem 1.

Let be 1 < p < ∞. Then

(1) Φ3(cesp) = Φ2(cesp) = Φ1(cesp) = c00,

(2) the spae cesp has no order unit.

Proof. (1): For a Banah lattie E with order ontinuous norm by

(Thm. Chen/W.,2006) there holds Φi(E) = c00, i ∈ {1, 2, 3}.

(2): If there would be an order unit in cesp then Φi(E) =

cesp, i ∈ {1, 2, 3}, and by (1) should be cesp = c00, i.e.

a ontradition.

Theorem 2.

Let be 1 ≤ q < ∞. Then

(1) Φ3(dq) = Φ2(dq) = Φ1(dq) = c00,

(2) the spae dq has no order unit.
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6. The Cesàro Spae ces∞

ces∞ := sol
(
C−1(ℓ∞)

)
= {x ∈ RN : C|x| ∈ ℓ∞}

with the norm ‖x‖ces∞
:= sup

n

(
1
n

n∑

k=1

|xk|
)

< ∞.

Properties of

(
ces∞, ‖·‖ces∞

)
:

• non-atomi Dedekind omplete Banah lattie

• ℓ∞ is a proper solid subspae of ces∞.

For that onsider the sequene x = (xn)n∈N with

xn =






k, if n = k2

0, if n /∈ {k2 : k ∈ N}
, n ∈ N

then x = (1, 0, 0, 2, 0, 0, 0, 0, 3, 0, 0, . . .) /∈ ℓ∞,

but Cx = (1, 1
2,

1
3,

3
4,

3
5, . . . ,

3
8,

6
9,

6
10, . . .), i.e. Cx ∈ ℓ∞,

and so x ∈ ces∞.

• not an AM -spae, and the norm is not σ-order ontinuous

• vetor lattie without an order unit, see also Corollary 1 below.

11



PSfrag replaements

-

-

-algebra

-algebra

almost

-algebra

-algebra

semiprime

(f)

(d)

(�)

7. Self-majorizing and Finite Elements in ces∞

For x ∈ RN
de�ne its support by supp(x) = {n ∈ N : xn 6= 0}.

Theorem 3.

Let ϕ be an element of ces∞. Then ϕ ∈ Φ3(ces∞) if and only if

rϕ = inf

{
|ϕn|

n
: n ∈ supp(ϕ)

}

> 0.

Example: Existene of elements in Φ3(ces∞) \ ℓ∞. Consider

x = (xn)n∈N with

xn =






n, if n = 2k

0, otherwise

, k ∈ {0} ∪ N.

Then x /∈ ℓ∞ (all the more x /∈ c00). Let be y = Cx. Then

y2k = (Cx)2k =
1

2k

2k∑

n=1

xn =

2k∑

n=1
2k

2k
=

2k+1 − 1

2k(2 − 1)
= 2−

1

2k
≤ 2

while, for the subsript N satisfying 2k ≤ N < 2k+1
one has

0 < yN =
1

N

N∑

n=1

xn =
1

N

2k∑

n=1

xn ≤
1

2k

2k∑

n=1

xn = y2k ≤ 2.

It is lear that y = Cx ∈ ℓ∞, i.e. x ∈ ces∞.
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Moreover, sine inf
{

|xn|
n : n ∈ supp(x)

}

= 1, Theorem 3 =⇒

x ∈ Φ3(ces∞).

The Dedekind ompleteness of ces∞ implies that ces∞ has (ppp).

Hene Φ1(ces∞) = Φ2(ces∞).

Theorem 4.

Let ϕ be an element of ces∞. The following statements are equiva-

lent:

(1) ϕ is a �nite element of ces∞.

(2) {ϕ}dd
has an order unit x with inf{xn

n : n ∈ supp(x)} > 0

(3) The sequene z = (zn)n∈N, where

zn =






n, if n ∈ supp(ϕ)

0, otherwise

, n ∈ N.

belongs to ces∞.

Theorem 5.

Let ϕ be an element of ces∞. Let supp(ϕ) be an in�nite set written

as an inreasing sequene (kn)n∈N.

(1) If lim sup
kn+1
kn

= 1, then ϕ is not a �nite element of ces∞.

(2) If lim inf
kn+1
kn

> 1, then ϕ is a �nite element of ces∞.
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Corollary 1.

(i) ces∞ has no order unit.

(ii) Not every element of ℓ∞ is a �nite element of ces∞, and there-

fore, ℓ∞ is neither a norm-losed ideal nor a band in ces∞.

The next haraterization of �nite elements uses the distribution

of their supports within the intervals [2n, 2n+1) along the positive

real numbers.

Theorem 6.

The element ϕ of ces∞ is �nite if and only if

β := sup
{

βn : n ∈ {0} ∪ N
}

< ∞,

where βn denotes the ardinality of the set [2n, 2n+1)∩ supp(ϕ)

for eah n ∈ {0} ∪ N.

Idea of the proof: For the �nite element ϕ de�ne the sequene z by

zn = n if n ∈ supp(ϕ) and zn = 0 otherwise. Then Theorem

4(3) implies z ∈ ces∞, i.e. ‖z‖ces∞
= sup

n

(
1
n

n∑

k=1

zk
)

< ∞.

By using the so-alled bloking tehnique this "series form" of the

norm is transformed into its "blok form".
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With the parameter p = 1, the bloks

{n ∈ N : 2n ≤ k < 2n+1}

and the sequene a = (1
n)n∈N from some Theorem (see Grosse-

Erdmann, 1998), we obtain the equivalene

sup
n

(1

n

n∑

k=1

zk
)

< ∞
(≡)
⇐⇒ ̺z := sup

n

( 1

2n

2n+1−1∑

k=2n

zk
)

< ∞.

By taking into onsideration that zk = k ≥ 2n
and so, zk 6= 0

only for k ∈ supp(ϕ) one has

̺z ≥
1

2n

2n+1−1∑

k=2n
k∈supp(ϕ)

zk =
1

2n

2n+1−1∑

k=2n
k∈supp(ϕ)

k ≥
1

2n
2nβn = βn,

what implies β < ∞.

Conversely, if β < ∞ then, due to k < 2n+1
, one has

1

2n

2n+1−1∑

k=2n

zk =
1

2n

2n+1−1∑

k=2n
k∈supp(ϕ)

k <
1

2n
2
n+1

βn = 2βn ≤ 2β,

suh that ̺z < ∞. From (≡) we get z ∈ ces∞ and, Theorem

4(3) implies then that ϕ is �nite.

15



PSfrag replaements

-

-

-algebra

-algebra

almost

-algebra

-algebra

semiprime

(f)

(d)

(�)

8. The Cesàro spae ces0 and its �nite elements

ces0 := sol
(
C−1(c0)

)
= {x ∈ RN : C|x| ∈ c0}

with the norm ‖x‖ces0
:= ‖C |x|‖∞ = sup

n

(
1
n

n∑

k=1

|xk|
)

.

Properties of

(
ces0, ‖·‖ces0

)
:

• it is an atomi Dedekind omplete Banah lattie,

• c0 is a proper solid subspae of ces0, e.g. the sequene (xn), where

xn = 1 if n = k2 and xn = 0 otherwise, belongs to ces0 but not to c0,

• ℓ∞ 6⊂ ces0, what is easily seen from 1 ∈ ℓ∞, but C1 /∈ c0,

• ces0 6⊂ ℓ∞, sine y belongs to ces0 \ ℓ∞, where yn = k, if n = k3

and yn = 0 otherwise,

• not an AM -spae, although c0 is an AM -spae with order ontinuous

norm,

• the norm is order ontinuous.

The �nite elements in ces0 are haraterized next (the same as for

cesp).

Theorem 7.

(1) Φ3(ces0) = Φ2(ces0) = Φ1(ces0) = c00,

(2) the spae ces0 has no order unit.
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9. The Cesàro sums and their duals

Let X be a sequene (Xn, ‖·‖n)n∈N of Banah spaes and p ∈

{0} ∪ [1,∞]. De�ne the p-Cesàro sums and dp-sums of X =

(Xn)n∈N as follows

cesp(X) := {x = (xn)n∈N : xn ∈ Xn, (‖xn‖n)n∈N ∈ cesp}

dp(X) := {x = (xn)n∈N : xn ∈ Xn, (‖xn‖n)n∈N ∈ dp}.

Further on we simply write ‖·‖ instead of ‖·‖n and 0 for the zero

vetor in Xn for eah n ∈ N. Under the oordinatewise algebrai

operations and the norms

|||x|||cesp(X) =
∥
∥(‖xn‖)n∈N

∥
∥
cesp

, |||y|||dp(X) =
∥
∥(‖yn‖)n∈N

∥
∥
dp

the spaes cesp(X) and dp(X) are Banah spaes.

Let now all Xn be Banah latties. Then with oordinatewise

order the spaes cesp(X) and dp(X) are also Banah latties.

Sine ces1 = {0 } also ces1(X) is trivial.

For p ∈ {0} ∪ (1,∞] de�ne the map Jj : Xj → cesp(X) by

Jjx = (xn)n∈N = (0 , . . . , 0 , x︸︷︷︸
jth term

, 0 , . . .) =






0 , n 6= j

x, n = j

for x ∈ Xj and j ∈ N.
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Properties of the map Jj:

• a lattie isomorphism from Xj to cesp(X),

• JjXj is a projetion band in cesp(X) suh that

• Φ1(JjXj) = JjΦ1(Xj),

• for the band projetion Pj : cesp(X) → JjXj one has

Pj

(
Φ1

(
cesp(X)

))
= Φ1(JjXj) = JjΦ1(Xj).

Theorem 8.

Let X = (Xn)n∈N be a sequene of Banah latties, X
′ =

(X ′
n)n∈N the sequene of their dual spaes and 1 < p, q < ∞

with

1
p + 1

q = 1.

Then the mapping y′ = (y′
n)n∈N 7→ fy′ from dq(X

′) to

ces′p(X), de�ned by

fy′(x) :=
∞∑

n=1

〈y′
n, xn〉, x = (xn)n∈N ∈ cesp(X)

is a vetor lattie isomorphism from dq(X
′) onto ces′p(X) and

satis�es for all y′ ∈ dq(X
′) the relations

1

q

∣
∣
∣
∣
∣
∣y′∣∣
∣
∣
∣
∣
dq(X′)

≤
∥
∥fy′

∥
∥ ≤ (p − 1)1/p

∣
∣
∣
∣
∣
∣y′∣∣
∣
∣
∣
∣
dq(X′)

.

Similarly, we have ces′0(X) = d1(X
′) with equality of the

norms, i.e.

∥
∥fy′

∥
∥ =

∣
∣
∣
∣
∣
∣y′
∣
∣
∣
∣
∣
∣
d1(X

′)
.
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10. Finite elements in Cesàro sums

As the haraterization of the �nite elements in the Banah latties

cesp(X) for p ∈ {0} ∪ (1,∞], we get a quite diret generaliza-

tion of the results for the lassial ases Xn = c0, ℓp and ℓ∞.

Theorem 9.

The following statements hold:

(1) For p = 0 and 1 < p < ∞ the element ϕ=(ϕn)n∈N is

�nite in cesp(X) if and only if ϕn ∈ Φ1(Xn) for all n ∈ N
and ϕn = 0 for all but �nite many n ∈ N.

(2) The element ϕ = (ϕn)n∈N is �nite in ces∞(X) if and only

if there exist wn ∈ X+
n suh that (n ‖wn‖)n∈N ∈ ces∞

and

B{ϕn}dd
⊂ [−wn, wn] .

In partiular, ϕn ∈ Φ1(Xn) for all n ∈ N.
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