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Problem
X suitable Banach space, T € £(X)

Question
Is there a

1) -
2) Markov _

- — 77
3) real Co-semigroup (T (t))s>0 such that T(1) = T7
4) positive

Recall

A Cp-semigroup is a family of bounded linear operators (T(t))t>0
on X such that

> T(0)=1Id, T(t+s)=T(t)T(s) forall s, t>0,

» [0,00) = X, t+ T(t)x is continuous for all x € X.
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Problem

X suitable Banach space, T € £(X)

Question
Is there a

1) -

2) Markov
3) real

4) positive

Co-semigroup (T (t))s>o0 such that T(1) = T7

1) T. Eisner (2009)
2) G. Elfving (1937), M. Baake and J. Sumner (2020)

Now 3) and 4), where X € {C"; ¢p; ¢P,1 < p < o0}
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Spectrum of real-embeddable operators

Proposition (Eisner 2009)
T € L(X) embeddable = dimker T =0 or dimker T = oo

Remark
dim X < oo, T embeddable = T invertible

Example
T =0 € £(L?[0,1]) is real-embeddable into nilpotent shift

semigroup.
Since L2[0, 1] 2 ear £2, 0 € L(£?) is real-embeddable.
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Spectrum of real-embeddable operators

Remark B
For each compact () # K C C with K = K there exists a
real-embeddable operator Tx € £(¢?) such that o(Tk) = K.

Proposition (sufficient condition for real-embeddability)
T € L(X) real operator, o(T) C C\ (—o0,0]
4

T real-embeddable into norm continuous semigroup
Proof.
Goal: Find A € £(X) real such that e* = T.
Idea: Take a suitable path ~ (symmetric, not intersecting (—oo, 0])
surrounding o(T). Define

A:=log(T) = 271“/ R(\, T)log(A)dX = A
g

= Ae L(X) real = (etA)t>0 real. O
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Spectrum of real-embeddable operators

Proposition (Culver 1966)
Let T € R¥*9 0 ¢ o(T). Equivalent are:
(i) T real-embeddable.
(i) T has a real root (i. e. 3S € R¥*? such that S-S = T).
(iii) The number of Jordan blocks of the same dimension of a
negative eigenvalue is even.

Consequence
T € R9*9 real-embeddable = det(T) > 0
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Embeddability of positive operators into positive s.g.

Proposition (dim X = 2)
Let 0 < T € R?*2. Equivalent are:

(i) T is embeddable into a positive semigroup.
(i) T is invertible and there exists a positive root.
(i) o(T) C (0, 00).

(iv) det(T) > 0.
)

T is real-embeddable.

> positively embeddable only into 10 .
01 £>0

» real-embeddable also into 60.5(27”) sin(2rt) .
—sin(2mt) cos(27t)) ) o,
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Embeddability of positive operators into positive s.g.

Proposition (dim X = 2)
Let 0 < T € R?*2. Equivalent are:

(i) T is embeddable into a positive semigroup.

(i) T is invertible and there exists a positive root.
(iii) o(T) < (0, 00).
(iv) det(T) > 0.
(v) T is real-embeddable.
Example
1 a c
T:=10 1 b],ab,c>0. Then
0 01

> c> %b < T positively embeddable.
> c> "”Tf’ = T has a positive root. = T is real-embeddable.
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Necessary condition for embeddability into positive s.g.
1. inC"
> det(T) >0
» 0per(T):=0(T)N{zeC: |z =r(T)} ={r(T)}
2.inC", ¢y, fP, 1 < p<oo:
» diagonal entries of T positive (> 0)

» T embeddable into positive analytic semigroup = T either
strictly positive (each entry > 0) or reducible

Idea to show that diagonal entries are > 0
Let T(t) = (a,-j(t)). If aj;(t) = 0 for some t > 0, then

T(t)=T
0 = (1)

II,\,‘,,

keN

By induction aj; (2%) = 0 for all n € N. We obtain the
contradiction

0= lim a; (%) = a;(0) =1.

n—o0

t
5
Zajk % dkj % > ajj (%) ajj (%) > 0.
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More questions

» Sufficient condition for embeddability into positive
semigroups?
Remark: T invertible + existence of positive n-th roots of all
orders n € N is not enough! (see example by Kingman below)

Example: Shift by 1 on 2(Q)

» s invertible,

P is positive,

» has positive n-th roots (namely shift by 1/n).
However, the diagonal entries in its matrix representation on
2 2,06 £2(Q) are all 0.

» Conditions for uniqueness of embedding?
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