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Dilation of operators

Algebraic dilations

Let A be a unital algebra with identity e and X ,Y be vector spaces. For
any linear operator T : A → L(X ,Y ), there exist a vector space Z , a
unital algebra homomorphism π : A → L(Z ), and linear operators
τ ∈ L(X ,Z ), α ∈ L(Z ,Y ) such that

T (a) = απ(a)τ ∀a ∈ A.

Z = L(A,Y ),

τ : x → Tx for x ∈ X , where Tx = T ( )x ,

α : ψ → ψ(e) for ψ ∈ L(A,Y )

π(a)ψ = ψRa for a ∈ A, ψ ∈ L(A,Y ), where R is the right regular
representation of A (i.e. Ra(b) = ba).
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Dilation of operators

Dilation in order context

Let A be a unital Riesz algebra with positive identity e and X ,Y be Riesz
spaces. For any regular operator T : A → Lr(X ,Y ), there exist a Riesz
space Z , a unital algebra homomorphism π : A → Lr(Z ), and regular
operators τ ∈ L(X ,Z ), α ∈ Lr(Z ,Y ) such that

T (a) = απ(a)τ ∀a ∈ A.

Z = Lr(A,Y ),

α is positive,

π is positive,

if T is positive, then τ is positive.
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Executive summary

Dilation theory


Dilation of operators

Dilation of operator valued measures

Order integrals



Measures taking values in patially ordered vector space

Integrals of such measures (regular operators)

Representation theorems

Question:

1 What is the relation between dilation of measures and dilation of
operators in the order context ?

2 In the framework of order integrals, will there be more properties to
say about a dilation system?
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Outline

Measures taking values in partially ordered vector space

Dilation of measures taking values in Riesz space

Order integrals

Relation between dilation of measures and dilation of order integrals
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Measures taking values in P.O.V. (positive case)

Let E be a σ-monotone complete partially ordered vector space, i.e. if
every increasing net in E that is bounded from above in E has a
supremum in E . We can extend E by adjoin one point ∞ to E such that
x ≤ ∞ for all x ∈ E . Let E+ = E+ ∪ {∞}.

Definition (J.D.M. Wright 1969 )

Let (X ,Ω) be a measurable space, and let E be a σ-monotone complete
partially ordered vector space. An E+-valued measure is a map
µ : Ω → E+ such that:

µ(∅) = 0;

whenever {An}∞n=1 is a pairwise disjoint sequence in Ω, then

µ

( ∞⋃
n=1

An

)
=

∞∨
N=1

N∑
n=1

µ(An) in E+.

We say that µ is finite if µ(Ω) ⊆ E+.
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Measures taking values in P.O.V. (positive case)

M(X ,Ω,E+) = {µ : µ is an E+-valued measure on (X ,Ω)}
M(Ω,E+) = {µ : µ is an E+-valued measure on (X ,Ω)}
A natural partial ordering on M(X ,Ω,E+) :

µ1 ≤ µ2 ⇐⇒ µ1(A) ≤ µ2(A) ∀A ∈ Ω.

Proposition (M.de Jeu, X. Jiang)

M(Ω,E+) ⊆ M(X ,Ω,E+).

M(X ,Ω,E+) and M(Ω,E+) are convex cones.

If E is a Dedekind complete Riesz space, then M(Ω,E+) is a lattice
cone, where for all A ∈ Ω

(µ1 ∨ µ2)(A) =
∨

{µ1(B) + µ2(A \ B) : B ⊆ A, B ∈ Ω},

(µ1 ∧ µ2)(A) =
∧

{µ1(B) + µ2(A \ B) : B ⊆ A, B ∈ Ω}.
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Measures taking values in P.O.V. (general case)

Definition (M. de Jeu, X.Jiang)

Let (X ,Ω) be a measurable space, and let E be a σ-Dedekind complete
Riesz space. An E-valued signed measure is a map µ : Ω → E such that:

µ(∅) = 0;

whenever {An}∞n=1 is a pairwise disjoint sequence in Ω, then

µ

( ∞⋃
n=1

An

)
= o − lim

N→∞

N∑
n=1

µ(An)

in E .

M0(X ,Ω,E ) = {µ : µ is an E -valued signed measure on (X ,Ω)}
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Measures taking values in P.O.V. (general case)

Properties of E -valued signed measures

M(Ω,E+) ⊆ M0(X ,Ω,E ).

If E is Dedekind complete, then for any µ ∈ M0(X ,Ω,E ), there exist
µ+ and µ− in M(X ,Ω,E+) such that µ+ = µ+ µ−.

Moreover, if one
of µ± is finite, then the other one is finite and

µ = µ+ − µ−, µ+ ∧ µ− = 0.

Let M(X ,Ω,E ) = {µ ∈ M0(X ,Ω,E ) : at least one of µ± is finite}.

Proposition (M. de Jeu, X. Jiang)

If E is Dedekind complete, then M(X ,Ω,E ) is a Dedekind complete Riesz
space with positive cone M(Ω,E+).
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Operator valued measures

Let E be a Dedekind complete Riesz space, and we consider an
Lr(E )-valued signed measure µ.

1. µ is called a probability measure if µ(X ) = IE

2. µ is called a spectral measure if µ(A1 ∩ A2) = µ(A1)µ(A2)

Question

Given a Lr(F ,E )-valued signed measure µ, can we transform it into a
spectral measure? I.e. do there exist a Riesz space Z , a spectral measure
P : Ω → Lr(Z ), τ ∈ Lr(F ,Z ) and α ∈ Lr(Z ,E ) such that for any A ∈ Ω,

µ(A) = αP(A)τ.

If it exist, then (P,Z , τ, α) is called a dilation system of µ.

In the Banach space case, the answer is affirmative. (σ-additivity is
defined by the strong operator topology)
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Dilation of operator valued measures

Theorem (X.Jiang, R.Liu)

Let F and E be Riesz spaces. If E is Dedekind complete, then every
µ ∈ M(X ,Ω,Lr(F ,E )) has a dilation system (P,Z , τ, α) where

1. Z = M(X ,Ω,E ),

2. τ : x 7→ µx , for every x ∈ F , where µx = µ( )x,

3. α : ν 7→ ν(X ), for every ν ∈ M(X ,Ω,E ),

4. P(A)ν = νA, for every ν ∈ M(X ,Ω,E ), where νA(B) = ν(A ∩ B) for
every B ∈ Ω.

In this case, α is positive and P is a positive probability measure.
Moreover:

1 if µ is positive, then τ is positive,

2 if µ(Ω) ⊆ Hom(F ,E ), then τ is a Riesz homomorphism.
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Dilation of operator valued measures

F
µ(A)−−−−−−→ E

τ

y xα

M(X ,Ω,E )
P(A)−−−−−−→ M(X ,Ω,E )

x
µ(A)−−−−−−→ µ(A)x

τ

y xα

µx
P(A)−−−−−−→ µAx

P(A ∩ B)ν = νA∩B = P(A)νB = P(A)P(B)ν. µx(B) = µ(B)x

α(ν) = ν(X ) µA
x (B) = µ(A ∩ B)x

Remark

P is positive and P(X ) = I =⇒ each idempotent P(A) ≤ I.
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Dilation of operator valued measures

Something more about the dilation spectral measure

The dilated spectral measure P : Ω → Lr(M(X ,Ω,E )) satisfies

P(A ∩ B) = P(A)P(B) = P(A) ∧ P(B),

P(A ∪ B) = P(A) ∨ P(B).

The integral operator generated by such a spectral measure is a Riesz
homomorphism as well.
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Integration

Definition of order integral w.r.t. a positive measure µ:

If φ =
∑n

i=1 riχAi
is an elementary function, where the Ai are

pairwise disjoint, then we define its order integral, which is an element
of E+, by ∫ o

X
φdµ :=

n∑
i=1

riµ(Ai )

If f : X → R+ ∪ {∞} is measurable, then there exists a sequence
{φn}∞n=1 of elementary functions such that φn ↑ f pointwise in
R+ ∪ {∞}
We define the (order) integral of f , which is an element of E+, by∫ o

X
f dµ :=

∞∨
n=1

∫ o

X
φn dµ.

This is well defined
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Integration

Definition of order integral w.r.t. a positive measure µ:

If f : X → R is measurable, write f = f + − f −

If
∫ o
X f

+ dµ ∈ E+ and
∫ o
X f

− dµ ∈ E+, define∫ o

X
f dµ :=

∫ o

X
f + dµ−

∫ o

X
f − dµ

L1(µ)

Definition of order integral w.r.t. a signed measure µ ∈ M(X ,Ω,E ):

µ = µ+ − µ−

L1(µ) = L1(X ,Ω, µ+;R) ∩ L1(X ,Ω, µ−;R)∫ o
X f dµ :=

∫ o
X f dµ

+ −
∫ o
X f dµ

−
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Integration

Theorem (M.de Jeu, X. Jiang)

Let E be a Dedekind complete Riesz space, (X ,Ω) be a measurable space.
Then for any µ ∈ M(X ,Ω,E ), L1(µ) is a σ-Dedekind complete Riesz
space and the order integral

∫ o
X . dµ : L1(µ) → E is a σ-order continuous

operator.

B(X ) ⊆ L1(µ) for any µ ∈ M(X ,Ω,E ).

If µ is positive, then the order integral w.r.t. µ is a positive operator.

If µ(A ∩ B) = µ(A) ∧ µ(B) for all A,B ∈ Ω, then the order integral
w.r.t to µ is a Riesz homomorphism.

If P : Ω → Lσc(E ) is a spectral measure, then the order integral w.r.t.
P is an algebra homomorphism.

Xingni Jiang Positive dilation in order integrals 15 / 20



Representation theorems of B(X )

Let Iµ(f ) =
∫ o
X f dµ for every f ∈ B(X )

Define I : M(X ,Ω,E ) → Lσc(B(X ),E ) by I(µ) = Iµ for each
µ ∈ M(X ,Ω,E ).

I is positive and linear.

Theorem (M. de Jeu, X. Jiang)

Let E be a Dedekind complete Riesz space and (X ,Ω) a measurable space.
Then for any T ∈ Lσc(B(X ), E ), there exists a unique µ ∈ M(X ,Ω,E )
such that T = Iµ. Furthermore, if T is positive, so is µ.

Corollary (M. de Jeu, X. Jiang)

I : M(X ,Ω,E ) → Lσc(B(X ),E ) is a Riesz isomomorphism.
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Dilation of T

We are interested in the dilation of regular operator

T : B(X ) → Lr(F ,E )

where F and E are Riesz spaces.

Dilation system of T : (Lr(B(X ),E ), π, τT , αT )

E is Dedekind complete, T is σ-order continuous, there exists
µ ∈ M(X ,Ω,E ) such that T = Iµ.
Dilation system of µ : (M(X ,Ω,E ),P, τµ, αµ)

How are they related? Something more about the dilated operator π?
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Relation between dilation systems

If T : B(X ) → Lσc(F ,E ) is a σ-order continuous operator, then the
following digram commutes.

Lσc(B(X ),E )

I−1

��

π(f )
// Lσc(B(X ),E )

αT

&&LL
LLL

LLL
LLL

F

τT
88rrrrrrrrrrr

τµ

&&LL
LLL

LLL
LLL

T (f )

��

E

M(X ,Ω,E )
IP(f )

// M(X ,Ω,E )

I

OO

αµ

88rrrrrrrrrrr

IP(f )ν = fdν : A → Iν(f χA), for any A ∈ Ω, f ∈ B(X ),
ν ∈ M(X ,Ω,E ).

IP is Riesz homomorphism =⇒ π is Riesz homomorphism.
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Questions

C(K ), C0(X )

Minimal dilation system (order basis, positive frame,...)

Lattice embeddings (an operator τ that is a lattice homomorphism)

Banach space, Banach lattice,
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Thank you
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