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What is a metric graph?

A metric graph is a collection of intervals glued together at their ends
in a certain sense."
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@ FernUniversitat in Hagen

What is a metric graph?

A metric graph is a collection of intervals glued together at their ends
in a certain sense."

(1) E (finite) edge set, [0, fe]ece family of intervals, consider disjoint union
£:=]Jl0,e] =[]0 ] x {e}.
eckE ecE

(2) Put V:=TJ {0, (e} vertices, ~ some equivalence relation on V.
(3) Extend this relation ~ onto &£ via

(xl,el) ~ (Xz,ez) = (X1,€1) = (X2,€2) or

(xl,el), (XQ,GQ) €Y and (X17e1) ~ (Xg,eg).

(4) Define G := E/N metric graph, E edge set, V := V/N vertex set.
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A metric graph is a collection of intervals glued together at their ends
in a certain sense."

(1) E (finite) edge set, [0, fe]ece family of intervals, consider disjoint union
£:=]Jlo,e]=JI0, ] x {e},
ecE ecE

(2) Put Vv := HeeE{O,Ee} vertices, ~ some equivalence relation on V.
(3) Extend this relation ~ onto &£ via

(X1,61) ~ (X2,€2) = (xl,el) = (X2,62) or
(x1,e1), (x2,e2) € V and (x1,e1) ~ (x2, e2).

(4) Define G := 5/N metric graph, E edge set, V := V/N vertex set.
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What is a metric graph?

A metric graph is a collection of intervals glued together at their ends
in a certain sense."

(1) E (finite) edge set, [0, fe]ece family of intervals, consider disjoint union
£:=]Jlo,e]=JI0, ] x {e},
ecE ecE

(2) Put Vv := HeeE{O,Ee} vertices, ~ some equivalence relation on V.
(3) Extend this relation ~ onto &£ via

(X1,61) ~ (X2,€2) = (xl,el) = (X2,62) or
(x1,e1), (x2,e2) € V and (x1,e1) ~ (x2, e2).

(4) Define G := 5/N metric graph, E edge set, V := V/N vertex set.

——o identify eq. vert.

o—o
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@) FernUniversitat in Hagen

Metric graphs — Why ,,metric*?

G = (V, E) metric graph, x,y € G.

Define path pseudo-metric
dg(x,y) := length of shortest path between x and y.

il
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@) FernUniversitat in Hagen

Metric graphs — Why ,,metric*?

G = (V, E) metric graph, x,y € G.

Define path pseudo-metric
dg(x,y) := length of shortest path between x and y.

il

= x € e~[0,/] with e € E, then

[x, if v= [(an)]v
do ) = {fe —x, if v=[(l,e)].

= dg(x,y) = dg(x,v) + shortest path between v and w + dg(y, w)
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Metric graphs — Why ,,metric*?

G = (V, E) metric graph, x,y € G.

Define path pseudo-metric

dg(x,y) := length of shortest path between x and y.

v

&l
/ y
X €

= x € e~[0,/] with e € E, then

[x, if v= [(an)]v
do ) = {fe —x, if v=[(l,e)].

= dg(x,y) = dg(x,v) + shortest path between v and w + dg(y, w)
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@) FernUniversitat in Hagen

Metric graphs — Why ,,metric*?

G = (V, E) metric graph, x,y € G.

Define path pseudo-metric

dg(x,y) := length of shortest path between x and y.

v

il
/ y
X €

w

= x € e~[0,/] with e € E, then

[x, if v= [(an)]v
do ) = {fe —x, if v=[(l,e)].

v dg(x,y) =do(x,v) + le, + dg(y. w), if le; < Loy + Les.
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@) FernUniversitat in Hagen

Metric graphs — Why ,,metric*?

G = (V, E) metric graph, x,y € G.

Define path pseudo-metric

dg(x,y) := length of shortest path between x and y.

—x

= x € e~[0,/] with e € E, then

(x if v=1[(0,e)],
dg(x,v) = {Ee —x, if v=[(f,e)].

v dg(x,y) =do(x,v) + le, + Loy + do(y.w), if ley > Ley + Ley.
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@) FernUniversitat in Hagen

Metric graphs — Why ,,metric*?
G = (V, E) metric graph, x,y € G.

Define path pseudo-metric

dg(x,y) := length of shortest path between x and y.

v

il
w
v €3

= x € e~[0,/] with e € E, then

(x if v=1[(0,e)],
dg(x,v) := {Ee —x, if v=[(l,€)].

= dg(x,y) = if Loy > Loy + Loy
[ Define \g := @eeE Ae ~ (G, dg, A\g) metric measure space. ]
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@) FernUniversitat in Hagen

Metric graphs — Relevant spaces

Definition
G = (V, E) metric graph. f = (f)ece : G — C is continuous if
f. € C[0,0], £(v)="fu(v) WEV,Ve,e' CE: e ~v.

Notation: f € C(G).
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Metric graphs — Relevant spaces

Definition

G = (V, E) metric graph. f = (f)ece : G — C is continuous if
f. € C[0,0], £(v)="fu(v) WEV,Ve,e' CE: e ~v.

Notation: f € C(G).

=

7N
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@ FernUniversitat in Hagen

Metric graphs — Relevant spaces

Definition
= (V, E) metric graph. f = (f)ece : G — C is continuous if
f. € C[0,4], f(v)=fu(v) Vv EV,Ve,e' €E: e,e ~v.
Notation: f € C(G).

=

7N

= Relevant Hilbert spaces

L3(G) : @ L2(0, ), HY(G) := @ HY(0, £) N C(G),
ecE ecE
= Differential expression on the edges; g. € C*°(0,4.) N L*°(0,%.), e € E
2
dx?

Agqf = ( fe + qefe) for ,suitable” f = (£)ece € L*(G).

ecE
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@) FernUniversitat in Hagen

Suitable operator domains — Vertex conditions

Consider edgewise Schrodinger operator Ag.q = fdd—jz +q:
Ag.of = (—f' + gefe)ece  for suitable f € [*(G).

Question: Which functions do we consider for Ag;q?.
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@ FernUniversitat in Hagen

Suitable operator domains — Vertex conditions

Consider edgewise Schrodinger operator Ag.q = fdd—jz +q:
Ag.of = (—f' + gefe)ece  for suitable f € [*(G).

Question: Which functions do we consider for Ag;q?.

Define for parameters o = (01,...,0)y|) € RVI

Dg.o i= {f e HY(G)

£ € H'(0, ), Zew Oef(v) = va(v)}

d-type vertex conditions (Kirchhoff-Neumann conditions if o = 0).
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@ FernUniversitat in Hagen

Suitable operator domains — Vertex conditions

Consider edgewise Schrodinger operator Ag.q = fdd—jz +q:
Ag.of = (—f' + gefe)ece  for suitable f € [*(G).

Question: Which functions do we consider for Ag;q?.

Define for parameters o = (01,...,0)y|) € RVI

Dg.o i= {f e HY(G)

£ € H'(0, ), Zew Oef(v) = va(v)}

d-type vertex conditions (Kirchhoff-Neumann conditions if o = 0).

v (Agq, Dg.o) self-adj., comp. resolvent, disc. spec. ~ (A1(0))nen C R s.t.
N(@) <o)< < M(0) <+ — +oo
= If 0,9 > 0, then Ag.4 has positive spectrum; f € Dg.q, then:

(f, AQ;q’r)LZ(g) = agiq,0(f) == / |f/(X)|2 + q(x)|f(x)|2dx + ZUVV(V)F > 0.
g

vev
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@ FernUniversitat in Hagen

Suitable operator domains — Vertex conditions

Consider edgewise Schrodinger operator Ag.q = fdd—jz +q:
Ag.of = (—f' + gefe)ece  for suitable f € [*(G).

Question: Which functions do we consider for Ag;q?.

Define for parameters o = (01,...,0)y|) € RVI

e H(0,L), Y () = va(v)}

d-type vertex conditions (Kirchhoff-Neumann conditions if o = 0).

Dg.o i= {f e H'(9) | £

v (Agq, Dg.o) self-adj., comp. resolvent, disc. spec. ~ (A1(0))nen C R s.t.
N(@) <o)< < M(0) <+ — +oo
= If 0,9 > 0, then Ag.4 has positive spectrum; f € Dg.q, then:

(F, Bof) Z/ OF + qu()EG)Pdx + S o (V)

eckE veV
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@) FernUniversitat in Hagen

The main theorem — an asymptotic result

G = (V, E) metric graph, Ag.q,» Schrédinger op.on Dg.s, 0 € RIV!

di (o) := An(o) — A3(0)

Study Robin-KN-gaps: o _ 5
di(o) := Ai(a) — AI~°(0)

(neN)

= |di(0)
= But: Not strictly positive bounded from below (e.g., 2-star).

. |dd(c)| uniformly bounded in n € .
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@ FernUniversitat in Hagen

The main theorem — an asymptotic result

G = (V, E) metric graph, Ag.q,» Schrédinger op.on Dg.s, 0 € RIV!

di (o) := An(o) — A3(0)

Study Robin-KN-gaps: o _ 5
di(o) := Ai(a) — AI~°(0)

(neN)

= |d¥(0)], |d¥(c)| uniformly bounded in n € N.

= But: Not strictly positive bounded from below (e.g., 2-star).

Theorem (B., Kerner, 2022)

= (V,E) metric graph, q € €D N L>=)(0,%), o € RV

eeE

Nli—>moo N Z di(0) = 1] (Z deg ta Z/ qe(x)dx)

In particular: limy_ oo N Z,, 1 di (o

- |g\ ZVEV deg
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Theorem (B., Kerner, 2022; simplified)

2
V, E) metric graph = ||m - di(o) = =

deg(v)’
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@) FernUniversitat in Hagen

Theorem (B., Kerner, 2022; simplified)

G = (V, E) metric graph = Nim N Z di(o) = ] Z deg(v .

Sketch of proof. (An(@), £7) norm. eigenpairs of Ag., », o € RIVI
(D [0,1] 3 7 = Ay(70) differentiable a.e. with

dAn(70)

dr

= Z ov|f77(v)|° (Feynman—Hellmann formula)
vev
@ For the eigenfunctions fy of Ag.q,o and every x € G:

. o 2 _
NIme N ; £y (x)|” = —|g|deg(x) (local Weyl law).

\. J
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Theorem (B., Kerner, 2022; simplified)

G = (V, E) metric graph = Nim N Z di(o) = ] Z deg(v .

Sketch of proof. (An(@), £7) norm. eigenpairs of Ag., », o € RIVI
(D [0,1] 3 7 = Ay(70) differentiable a.e. with

dAn(70)

dr

= Z ov|f77(v)|° (Feynman—Hellmann formula)
vev
@ For the eigenfunctions fy of Ag.q,o and every x € G:

. o 2 _
NIme N Z £y (x)|” = —|g|deg(x) (local Weyl law).

g2

\. J

2 I
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Theorem (B., Kerner, 2022; simplified)

G = (V, E) metric graph = Nim N Z di(o) = ] Z deg(v .

Sketch of proof. (An(@), £7) norm. eigenpairs of Ag., », o € RIVI
(D [0,1] 3 7 = Ay(70) differentiable a.e. with

dAn(70)

dr

= Z ov|f77(v)|° (Feynman—Hellmann formula)
vev
@ For the eigenfunctions f; of Ag.q,- and every x € G:

. 1 o 2 _
NIme N nz £y (x)|” = —|g|deg(x) (local Weyl law).

I|m—qu(a) = I|m—Z/ ZO’ |£79 (v)|? dr

veV

\. J
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Theorem (B., Kerner, 2022; simplified)

G = (V, E) metric graph = Nim N Z di(o) = ] Z deg(v .

Sketch of proof. (An(@), £7) norm. eigenpairs of Ag., », o € RIVI
(D [0,1] 3 7 = Ay(70) differentiable a.e. with

dAn(70)

dr

= Z ov|f77(v)|° (Feynman—Hellmann formula)
vev
@ For the eigenfunctions f; of Ag.q,- and every x € G:

NILmN % nz |7 (x))? = m (local Weyl law).

IiI(In%qu j::l/ Za\,llm Z'fﬂ’ v)|2)

veV

\. J
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Theorem (B., Kerner, 2022; simplified)

G = (V, E) metric graph = Nim N Z di(o) = ] Z deg(v .

Sketch of proof. (An(@), £7) norm. eigenpairs of Ag., », o € RIVI
(D [0,1] 3 7 = Ay(70) differentiable a.e. with

dAn(70)

dr

= Z ov|f77(v)|° (Feynman—Hellmann formula)
vev
@ For the eigenfunctions f; of Ag.q,- and every x € G:

NILmN % nz |7 (x))? = m (local Weyl law).

1 dom 2 o}
lim — di(o vli £7o( 2) — —
N Z conv/ > ovlim Z' W = 10] z\:/ deg(v)
S

veV

\. J
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Robin-KN-gap — Some futher notes

» First studied by Riviére and Royer ('20): For certain star-graphs.
= Rudnick, Wigman, Yesha ('21): Planar domains in R? and single o > 0.

2 :
Q C R° planar domain. Then: I|m NZd (o) = ||8Q|

= Band, Schanz and Sofer ('22): For KN-Laplacian Ag and single o > 0.
= C(G) = ZVEV Jea(y Suitable notion of ,surface area” of a graph G?
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Robin-KN-gap — Some futher notes

» First studied by Riviére and Royer ('20): For certain star-graphs.
= Rudnick, Wigman, Yesha ('21): Planar domains in R? and single o > 0.

2 :
Q C R° planar domain. Then: I|m de ||8Q|

= Band, Schanz and Sofer ('22): For KN-Laplacian Ag and single o > 0.
= C(G) = ZVGV Jea(y Suitable notion of ,surface area” of a graph G?

Also: Asymptotic result has a pendant for discrete graphs G = (V, E):

Theorem ( Trace formula)
G = (V,E) discrete graph, o := diag(o1,...,0p|) € RIVIXIVI

NGy =1 — D_%(A - J)D_% normalized Schrédinger op. Then:

N
o L "
Z dn(0) = zg\; deg(v) C+(G) , effective circumference”.
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Thank you for your attention!
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